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8 PARTICLE INTERACTIONS AND
CENTRAL FORCES

8.1 MULTI-PARTICLE CONSERVATION LAWS

Multiparticle conservation theorems now. A generalization of results for momentum and energy

reached in Ch.2 for a single particle.

Latin indices (a,b,c, etc.): vector indices
Greek indices (a,,y, ...): particle number

Reminder of conserved quantities:

Invariance of L conserved quantity
r, > T, + 0or P=)m,rt,

£, > I, + (30 x £,) L=>F% xp,

t > t+ 6t H (= T + U)

.+ R
fixed origin
- )
Center of mass located by | M = Z m, )
_ 1 -
R =— m,r, .
v Z oTa (8.1)
We have
> mi =) m(f, —-R) =MR - MR = 0. (8.2)
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Particle o

B . internal force on
o due to B
/ =(e)
a : external force
Total force on a:
= e =
FOL - Fa + Z fotﬁ . (83)
B

Call fa = Z faﬁ . From Newton’s third law
B

£ = —fﬁa‘. (weak form) (8.4)

Also assume

%0.

Il
o

(8.5)

(Newton’s mechanics not equipped to handle self-interactions which, however, really do exist!)

Newton’s second law:

P, = B + £, (8.6)
or
4’ -
- (m,E,) = B + > £, (8.7)
dt >
Sum on o
4’ [Z ) —(e) -
myxr, 6 = Z F, '+ Z fmB
dt2 o ) o a,p 4
daﬁ = E12 + E21 + =0,
o, 0“
a’ , _ _ _
= —5 (MR) = X E7 = F°. (8.8)
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Center of mass moves as if the total external force were acting on the entire mass of system concentrated

at the center of mass. (Internal forces have no effect on CM motion.) Of course, if F'®’ = 0, then

a> , - =
7 MR) =B =0, 8.9)

and total linear momentum is conserved.

. . h . . . .
Likewise, the angular momentum of the oi™* particle about the origin is

L, =1, X P, - (8.10)

)

L=X%L =X% xB, =25 xnz)
2( ) x m, (fc; + R) . (8.11)
L= + 2 E x B (Pu = m,r) (8.12)

Total angular momentum about a coordinate axis is the angular momentum of the system as if it were
concentrated at the center of mass, plus the angular momentum of motion about the center of mass.

Now the rate of change of L, is

= f' = Z f'oc = Zfa X _Fie> + Z fOt X EGB ° (813)
o arB
@ @ (assume fm =0)

© - > f, x B =N, (8.14)

o %,_/
N(ae)

@ = —Z r, x fﬁa = — T, x —aB‘ (8.15)

o, o, B
Therefore, we may write
1 = .
5 x £, =0. (see figure below) (8.16)
a,ﬁ
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Origin

I am showing an attractive force case. I am also assuming the “strong form” of Newton’s second law,

which says that E(xﬁ and im lie along the line connecting the two particles. (Violated, for example,

in electromagnetism.) Under these circumstances then

B (8.17)
So L = const. in time if N = 0.
For the kinetic energy, we have
1 - 1 i < \2
T=Z—mara =—Zma(R+ra)
e 2 2 3
1 = 1 22
= E MR2 + E Z m,r . (8.18)

Kinetic energy, like angular momentum, consists of two parts: the kinetic energy of the center of

mass, plus the kinetic energy of motion about the center of mass.

Now, what about work being done on the system? Define

1 d - 1 =2 =2
=E (xf r,dt= _ma(VZ(x _Vl(x)’
1
= Wy, =T, - T (useful in a bit) (8.19)
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Assume conservative external and internal forces:

F' = V.U (%),
fp = V. Uy (ra - rﬁl)

Then, alternatively

2 2 A
@ = Zj‘faﬁ'dfa:_ J.fﬁa'dfa:_z.[ﬁaﬁ
1 L !

1Q (= _ _
= @ = > {fu[%'(dr —drﬁ).

On the other hand the chain rule gives

_ Ju oU
du,, = E —% dr, . + € dr, .|,
T | 9%,.; ox, ;
%/—/ %,—/
(VaUaﬁ)-dfa (Vﬁﬁaﬁ)-dfﬁ
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B 14

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)



Therefore
1 2
W, = |-y U, - 5 Uy | (8.27)
o 1

Define the total potential energy,

U=2U, + ZUQB=ZUG+£ 2 Uygs (8.28)
o a<f o 2 o,p
(a#P)
then
2
W, = _U|1 = U, - U,. (8.29)

Combining this with W =T, -T,

= T + U =T, + Uy, (8.30)

Fascinating lighting offers an infinite spectrum of
possibilities: Innovative technologies and new
markets provide both opportunities and challenges.

An environment in which your expertise is in high
demand. Enjoy the supportive working atmosphere
within our global group and benefit from international
career paths. Implement sustainable ideas in close
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influencing our future. Come and join us in reinventing
light every day.
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Total energy, kinetic + potential, is conserved. The n-particle Lagrange function in CM coordinates

can then be written:

L=T-U= %Mﬁz + ézmai};z - YU, - Eﬁaﬁ(‘f& - fﬁ‘) . (8.31)
o

a a<f

8.2 TWO-BODY RELATIVE COORDINATES

Let us now specialize to the 2-body problem with no external forces:

(m
I
N |-

_'.2 1 .
MR" + — mr,
2

T (8.32)
drop the bar, subscripts

Of course T, and T, are not independent, but satisfy
Z m,r, = 0 = mr +mr, =0. (8.33)
o

(There are always 3 + 3 independent coordinates for a 2-body system) Let us introduce

r=r -1 =1 —-F (8.34)

(no subscripts
or primes on T¥)

Picture:
fixed origin
Then
— ot m kY m -
r=r|l+-2{=1r=—2¢, (8.35)
m, m + m,
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or

_ o m, oo m, -
r=-1|1+—2 =71 =-|—2—|r. (8.36)
m, m.1 + m2
Therefore
1 1 1 ’ ’
~n =9 m2 ml )
“mr 4+ -myr = = |m [ —2—| +m, |[—2—| | T,
5 M 5 2tz 5 1(ml+m2) z(ml +m2) (8.37)
SO
1 ) 1 ) 1 =2
~m + —-mry, = —ur’, (8.38
5 hh o M2 2 w )
where
m11“2 « »
p = ——— (“reduced mass”)
ml + m2
1 —‘-2 1 Z2
= L = > MR® + > ur’ — Wr). (8.39)

L. Adopt R, r, as generalized coordinates.

OL . - =
=y - MR; = P, (P = MR) (8.40)
oL . _ - (8.41)
PR = Kr; = pj, (P = ur)
Ti
/]\
small p; no indices

H=) oL R, + a—,Lfi - L, (8.42)

1 OR, T Or;

52 ~2
H = §—M + 5— + U(r) .

= (4 _ (8.43)

cm rel

H is a constant of the motion since it has no t dependence.

=2 =2
p p
H, = — H = — + U(r) .
CcM ’ 1
2M e 2u
const. of motion also const. of motion
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PARTICLE INTERACTIONS AND CENTRAL FORCES

MODERN INTRODUCTORY MECHANICS PART Il

The total angular momentum is

L=RxP+T xp, +T, xp, -
\ﬁCM, 1 12 2 2 (8.44)

(relative angular momentum)

}

— 0 m, e -
Pr = Mh = M [ml + mzj TR (8.45)
N o m - X
p, = MY, = Mm, |- : ) = —ur, (8.46)
m, + m,

=>Z=flx13'l+f2xf)2= i fx(uf)

m, + m,

m, _ ¢
+ ——— 1 x (uf),
m, + m, (H ) (8.47)

360°
thinking

Deloitte

© Deloitte & Touche LLP and affiliated entities.

Discover the truth at www.deloitte.ca/careers
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Z=ufx(uf)=fxf©, (8.48)

(8.49)

Alreadyknowf, =0. But L, = R x P=0 also = Z = 0. This has 2 important
consequences:

1. Since ¢ is time independent and because ¢ - P = (- F =0 (L to both © and T),
it is clear that the motion is in a plane L to ¢ .

2¢=]Exp|-nc |

r
do ~rd¢
1, 1 . .
da = > r-do , > base x height of triangle
= ar _ lr2(j) - const.
dt 2 2u

Radius vector sweeps out equal areas in equal times. Called Keplers Second Law. This is also true

in the CM frame, but the rate is different.

8.3 RUNGE-LENZ TREATMENT OF COULOMB FORCE

Let’s examine the vectors which may be formed from ¢ ,p and T. The scalar products

£-0 =% (FxP)

0, (8.50)

I
o

p:¢ =p (T xPp) (8.51)
M=¢XrT, (8.52)
1’ = Z X f). (853)
They are simply related:

uﬁ=u( xf+2xf)=2x§=2’. (8.54)
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Next, consider

4 =10 xp. (8.55)
Hamilton’s equations for r,, p, are:
v aHrel . .
L = op. ¢ (identity) (8.56)
. OH ou
p; = _% = -0 (8.57)
1 1
But
w(r) Q0o
Jr; dr Jr;
or 1 2r; r; (5.58)
PO, VA 8.58
or; 2 (r12 + r22 + r;)é r
SO
Z-ixp=--I1x22,
r dr
or
. M (du
Z - _;(E) (8.59)
Now

(8.60)
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MODERN INTRODUCTORY MECHANICS PART Il PARTICLE INTERACTIONS AND CENTRAL FORCES

In addition,

;o_4af f) _r_E.
i dat \r r r* '
1 - _.
== (rr - rr) . (8.61)
(ér is unit vector along r). This means
M = urle,, (8.62)
and also that
= . (dU
L = ur’e, (—) (8.63)
dr
All this has been done without reference to the form of U(r). Now assume
k
r
T
Newton’s gravitational
constant
SIMPLY CLEVER SKODA
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Then
2 = —Mkér or 1(2’ + Mkér) =0. (8.64)
dt
A constant of the motion! This is the Runge-Lenz vector, A.
A= +uké = (ExP)xp+uké,.
Notice that aa _ 0 onlyforu = — E Can now show that
dt r
A-C =[Exp)xp| ¢ +uké ¢ =0 (8.65)
1l torxp
T
rxp

The vector A is in the plane of motion along with r and P . Can get the equation of motion

as follows.

A-r=U.L" %+ yukr,

~A-T% = —* + pkr. (8.66)

Let ¢ = angle between -A and ¥. Then (A = [A])

-Arcos ¢ = - + ukr,

1 ku A
= — = — |1+ — cos .
r ¢ ( uk ¢) (8.67)
Define
ZZ
oa=—,
uk
g = 2 . “eccentricity” (8.69)
uk
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Gives equation of conic sections. (Assume ¢ = 0)

¢ > 1 hyperbola

}unbound motion
¢ = 1 parabola

0 <e <1l ellipse

. }bound
0 circle

™
I

Most important case: ellipse

focus
"apocenter"} "pericenter"
|
|
|
Notice when ¢ = m, 0 (angle between - A ¢ 7), r = Tor Tmint
r _ o
mxo1 g (8.70)
rmin = = * (871)
1+ ¢

ind A
Thus | A | determines eccentricity, A (direction) determines direction of r,,, .

“Major axis”, a:

2a
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l-¢+1+c¢ o
2 ) = .
1-c¢

a
= a = —(
2

Let’s write the equation of motion in more recognizeable terms.

e

\/

a
— =1+c¢cos ¢,
Y —

X

r

1
= —(a+¢ex) =1,
r

:>(a+ax)2=r2=(x2+y2),

=>a2+82x2+20c£x—x2—y2=0,

208 2 o2
—> w2 _ ¥y _ _
X 1-g2 =7 1 1-ez O
2 2 22
_ y a a’e?  _
=> (x-ea)? + 1-g2  1-g? (1-g2)2 o
o2 ( g2 o2 j
1 + = = a2
( 1-g2\ 1—s2j (1-e2)2  °
2
= (x-ta)’+ 4 2—a2=0,
l1-¢
(x -ta)’ y? _
a? az(l—sz)
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Equation of an ellipse (if 0 < & < 1;just define x'=x-¢€a ). Can read off b, “minor axis™:

y

/3
.
N
SN
b= avl - &2 = — . (8.73)

1 - g2

Have confirmed that equation of motion is an ellipse when T is plotted (Kepler's 1* law). What

it represents:

—>®

®
m,

It is an ellipse when viewed from a coordinate system centered on m, or m, because
wo-

r=—r, (874)
ml

£ = - mi 7, (8.75)
2

when viewed from the CM, motions still form ellipses.

R

Rt
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MODERN INTRODUCTORY MECHANICS PART Il

PARTICLE INTERACTIONS AND CENTRAL FORCES

t,, T, are measured from the CM, so the CM point is the common focus point for both ellipses.
The eccentricity, €, may be determined from the energy and the angular momentum as follows:

- - L \2 - -
A’ = (.4’+uker) = 2% + Wk* + 2ukd - é_,

2= [(J?'xﬁ)xp]2 =(pr)'(2xf>)=z (f)x(Zxﬁ)),
< Y
¢p?-p((p)
o L= pt.
From before (2’ r = —32):
Z-& --1¢, (8.76)
r
=E
2
A2 = p® + Wk - %52 = 2ue P _ X +ouk?,
r

Iil

e-learning
for kids
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(E is the total internal energy of the system)

= A’ = 2uW’E + u’k?, (8.77)
A 20°E %
S € = M—k = (1 + Mkz) . (8'78)

Notice that E can be negative, zero, or positive. Again, for ¢ = 0:

e>1 hyperbola E>0
e=1 parabola E=0
0<e<l ellipse E<0
uk’ 1
e=0 circle E=-° = -~ uv’
2¢° 2"

(v = total velocity viewed from m, or m,.)

8.4 LAGRANGIAN EQUATIONS OF MOTION

Lets do it again from a Lagrangian point of view to see the more standard treatment.

- lugesl ur’ - u(r). (8.79)
2 2
Lrel

Dependent variables: R(t) , Z(t):

g, oo_dfoy_ -

—_ - — — = - R :0 8.80
R dt \gr/ ’ ' (8:50
T s a_L_i(G_L)_O = Mf——d—Ué (8.81)
) of  dt \or ' dr °' '
Z=fxf>=fx(—d—Uér)=0- (8.82)
dr
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= Motion is in a plane, as before. Pick ( along z:

(cylindrical Y © .
coordinates) / €

r=*te, + fér + fd)éd) +r£{)é¢ + rd)éq).
We have (Ch.2):
r = (i)é¢ ’
ey = —de, .
= T = (r - rd')z)ér + (2r(|) + r¢) étl).

Substitute into (8.81) above:

- . 2 du
e. : r—-r = — —
r ( ¢°) e
& :  20p + rp =0.
These are the qus of motion. Then,
o, E T b
(8.88) => 2 . = - $:> 2 ln(cl) = - ln[cj ’

Download free eBooks at bookboon.com
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MODERN INTRODUCTORY MECHANICS PART Il PARTICLE INTERACTIONS AND CENTRAL FORCES

Solving this nonlinear differential eq™ gives r(t). Can derive a different for r(¢) as follows.

dr _drde _ 1 dr _ 1, (_Lg)
dt - d(l) dt - MrZ d(l) - urz r2 d(l) ’
T
1
) )
d|= do
Lo ¢ (r) (8.91)
w do
Likewise
AN |
q) - EFI
!
1 1
d* = da’l=
d’r ¢ do (r)___ﬁi (r)
dt? u dt  d¢? wln r?) d¢? '
1
d’r ¢ 1 o (r)
T e Ay (892

‘mtiia IrAX?A Graduate
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Gradug
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Substitute into (8.90) above:

1
da’ =
e (r)_ézl _ldu
M2 r? d(|)2 M2 r’ udr'
or
a (L
r 1 w ,du

+ - = —r .
d¢? r ¢ dr (8.93)

Given U(r), can find r(¢). Conversely, can find U(r) given some r(¢).

Example 1:

R l=

k
Ur) = ——. Define u
r

d2u+u_ku

- = (8.94)
d¢’ ¢

A simple linear nonhomogeneous diff. eq™ . Same as for Hooke’s law oscillator with a constant force.

Homogeneous solution: C cos(¢p — 91)
. . ku . . .
Particular solution: —-  (like const. displacemenr of spring for const. force)

General solution:

i unknown
o
! !
u = ];—ik (1 + Ccos (¢ - q)l)) (8.95)

l?___ (p measured

) from pericenter)
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Value of C?

1 1
= —(1 + ccos ¢,),
Tpin o
o
= Ccos ¢; = -1 (8.96)
Tmi.
. . 1
Taking derivative of u = — (1 + C cos(d) - (I)l)), we get
o
1. c . do
-—r = - —sinl¢ — —.
= —sin(p - ¢,)
Becauser = Qatr= o and assuming C # 0, we get
c . do
0 = ——sin ma— =0
o 0y at o, ,
o
rmin
. . o
From previous solution we know thatr_, = :
1+ ¢
o
=>C=—(1+¢ -1=c¢,
o
1 1
= — = —(1 + € cos (I)) (8.98)
r o
2 k . . ¢
[Note: Canalsogetr  orr . directlyfrom E = P _ , P o= Wk 0k, 0., = -
2“ rmin Mrmj_n

and then solving for r from the resulting quadratic eq™ . See prob. 8.15.]

1
Example2: r = —e%% ,u = ce™@¢ (c > 0)

C
Exponential spiral:
(d>0) — |
N
b _/
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MODERN INTRODUCTORY MECHANICS PART Il PARTICLE INTERACTIONS AND CENTRAL FORCES

Force law?

42
ﬁ = cd?e™d = d%u,

d’u ur’ du
7 v U =
do ¢ dr
1., ur’ du
= (& +1) = i
r ( ) ¢¢ dr '
~rry - _E (4 + 1) (attractive) (8.99)
ar = « (attractive .

Inverse cube law. This is not the only type of motion in such a force field. This is a special type of

solution of the inverse cube law corresponding to E = 0.

Ijoined MITAS because eSSt
I wanted real responsibility www.discovermitas.com
i i -

— ':I.Ii'i'f
LT e

I was a construction
SUPErvisor in

the North Sea
advising and
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8.5 CELESTIAL MECHANICS

Let’s derive some other useful results for the inverse square law, U(xr) = — — .
r
. ¢ 1 du
L= s
wr w dr (8.100)
2
fdt rr—g—zi3 1du =0,
w’ r’  udr
ZZ
= Em':z to— U(r) = E. (const.) (8.101)
ur

This is just the statement of energy conservation since

r’ + — =1’ + ¢’ = v,

= E = %MVZ + U(x),

N

= VvV = E (E + E)
=SB (8.102)
E is related to “a” by

o o _opk?

since E < 0 for an ellipse

) k (2 1)

= == |\=— - = .
\ Mkr n (8.103)

for elliptical motion.
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There is a connection between T, the period of elliptical motion, and a, the semi-major axis, that

is well known for U(r) = — —. The connection is stated roughly as
r

2 3
T o« a
T

“proportional to”

and is known as Kepler’s third law. We actually derived this rough form last semester from an

invariance argument. Recall that

1 -
L = 3 ur’ — u(r). (8.104)

with U(r) = ¢ r* under the transformation

1_1'1
it — o /Zt,

behaves as

(8.105)

= EJ" of motion from & j L., dt = 0 unchanged. For the inverse square force law

rel

U(r)=—E , n=-1,
r

. _a/(_)/
T

= v « a’.

as we had before. To get the full form of Keplers 3rd law consider

rdp _ T r(9)
_ do _ do, (8.106)
’ fuljl Vi <{ V<|>(¢)

orbit
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r’ = £ 1
uk (1+£cosq))2 '

M e4 T
= 1T = 2= ’
u’k? ‘{ 1+e cosq))
R
 |ue®
k
SO
3\ =
uo
T =2|— _— . 8.107
k ‘of 1+e cosci)) ( :
Useful integral:
¢
f do _ ¢ sin ¢ . 2 tan! (1 -¢)tan 2
(1+¢ cos¢)’ (82 - 1) (1 + & cos ¢) (1 _ 82)3/2 N
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‘/ n
“principle branch”

____________________________________ 7/________

T = 2 (“a3 )A 2 (tan™ () - tan™ (0)),

= [stay on
2 |a single brach

2
= 1’ = 4TUMa3_
k

Kepler’s feelings about discovering his 3¢ law:

(8.108)

“Now, since the dawn eight months ago, since the broad daylight three months ago, and since a

few days ago, when the full sun illuminated my wonderful speculations, nothing holds me back.

[ yield freely to the sacred frenzy; I dare frankly to confess that I have stolen the golden vessels of

the Egyptians to build a tabernacle for my God far from the bounds of Egypt. If you pardon me,

I shall rejoice; if you reproach me, I shall endure. The die is cast, and I am writing the book — to

be read either now or by posterity, it matters not. It can wait a century for a reader, as God himself

has waited six thousand years for a witness.”

From “The Discoverers” by D. Boorstin
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Let’s do the above integration from ¢ = 0 to an arbitrary angle ¢:

1/2¢ ,
£ = [Maj j do

k o (1 + gcosd)')2 '
e _ o ayet do’ 8.109
~ (1 8) £(1+gcos¢')2. ( :
T

« »
mean anomaly

Using the previous integral gives:

( ¢)
2nt _1|(1_8)tan5|_8'\/1—82 sin ¢
T L J1 - &2 J (1 + & cos ¢)

) (8.110)

Careful use of this equation gives t(¢). But what we usually want is ¢(t)! The need to invert

this relationship gives rise to Kepler’s equation. We can derive it as follows. Adopt the following
coordinate system:

y
(x,v)
Y o x
e
~
circle of radius = a
2 2
ellipse: x + ea) + Lo,
a’ b’
y = “eccentric anomaly”.
First, get relationship between ¢ and .
X + ag
cosy = —— = x = alcos y - ¢), (8.111)
a
v a
2 2 -
a” — (x + asg
sin\|1=‘/ ( )= b—X:>y=bsin\|/,
a a b
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or

y = avl — &’ sin vy,

s0
r’ =x°+y =a(l -ecosy),
= r = a(l - ecosy)
Remember:
1 1
= ==(1+ ecos?)
r o
o 1 o
= l+ecosd = — =1 - ¢
a

(1 — ecos y) "a

Taking the differential of both sides of this gives

d(l + ecos ¢) = (1 - &) d[;] ‘

1 - gcosy

sin y dy

:>d¢:(1_8) sin ¢ (1—scosw)2'

Moreover, by definition

sin¢ = Yy _ b sin vy
r a(l — & cosy) '
2 dy

= d¢ =1 - ¢ ——.
1l - gcosy

We now have

(8.112)

(8.113)

(8.114)

(8.115)

(8.1106)

dé - [ﬁ dy j [(1 _182)2 (-e cosw)zJ,

(1+scosq))2 B 1 — € cosy
T
use (8.114) and (8.116)

= ﬁ(l - £ cosy)dy ,
o
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SO now

I

N

zit _ (1 B 82)3/

0
f '
o l+£cos¢)

2nt

T

(1 - ecosy)dy’ = y — esiny. (8.118)

Il
R

Eq” (8.118) is Kepler’s equation. One can also show (integrate (8.116)) that

= tan
1 -c¢

[ 1+ ¢ \|1
" 2 2 (8.119)
So, the method of finding ¢(t) using Kepler's eq” is:

1. Solve Kepler’s eq® approximately for y(t).
2. Use (8.99) to find ¢(t) from

o(t) = 2 tan_l("ﬂ tan ﬂj .
1 -¢ 2
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8.6 GENERAL RELATIVITY MODIFICATION

I now want to talk a little about a small modification to these orbits caused by Einstein’s general
theory of relativity. Start with the effective (approx.) potential for perihelion (Mercury) precession.
am leaving out terms in effective potential which do not cause precession. This potential is observer

dependent. The effective potential with respect to an observer at r = oo:

U8 (r) = - -
eff() r mczkr

GMm 3 (GMm)Z
. (8.120)

This is not the same as the effective potential as, for example in Marion, which is with respect to

the observer in orbit.

Let’s put this into our orbit equation:

1
Letu = —,
r
du u 6 2
+u=—|(GMm + — (GMm) uf.
Solve:
d*u uk
a (1-98)u-= ok (8.122)
6G*M’mu
0 = T pe (8.123)
Solution: u = (1]{# (1 + ¢ cos (\/1 - 6¢)) . (8.124)
1 analog of eccenticity
=————— constant
a (1 - 6)
Most important change:
1 1
(I) = 0 _——=
r r

E=a
Il
'—\
|
(7]
K|+~
Il
BH
g
=]
XY
aQ
=8
s
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Notice ——=—= > 21t = orbit precesses positively (5 > O).

sun *

— pericenter or
perihelion

2n ( 3)
—_— - 27 1 - = 2 A,
'_].—8 nk+2j T +
2952
= A =7md = —GTCEZMZmu
C

From o def”:
¢> = auk = a(l - sz)uk = a(l— SZ)GMIIIM,

67t GM 67t GM
= A = = 2

ac’ (1 - 82) ac

Amounts to ~43 sec. of arc/century for Mercury.

Newtonian effective potential:

2

1 .,
E,., = —ur + + U(r) .
p oot 2ur?
%f—/
=UNewton(r)
eff
Define,
F _oaf(e ) e
centrifugal dr 2!,{]:2 l,”:‘3 M
Looks like:
uRgon
[2
- 2ur?

E<O0 ./

e

turning points
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The full general relativity effective potential including centrifugal term:

U GR 1
eff \ 5
|| -w— Newton, U, +mC
II
A)
\
1
J
k
L -
mc’ r
/ \ stable orbit
notice (but
precessing)

New G.R. effect: capture (realized in “black holes”)

Excellent Economics and Business programmes at:
uly
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8.7 ORBITAL STABILITY

Equation which describes orbital motion (from (8.90)):
d_U
= (8.130)

Let r, be the radius of a nearly circular orbit, and let r = r, + x, where = << 1. Foracircular

orbit (f = E )
1)

= . fr) . (8.131)
Then
[ 2
% — (a) (ro + x)_3 = f (ro + x) . (8.132)
Assume
f(r, +x) = f(r) + (r - 5)f(g)+... . (8.133)
X
Also
-3
S| X T 3x
(5 + %) ==\t o) =571 - (8.134)
Then
¢\ 3
. _ X '
. (_) = (1 _ _) - £(z) + x£(x) . (8.135)
w L
T
substitute the above
2
¢
() f(x,) 3%
= % 4+ M—z (1 - _) = f(r)) + xf(xr,), (8.136)
.
u
Let
3f(r
a’ = - EO) — £'(r,). (8.137)
0
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Then

a’ >0:x = c,sinat + c, cos at — stable

o’ =0:x =c,t+c, ]

' unstable
o’ < 0:x = cel 4 cel
Condition for stability:
3f(x
(x) + £f'(r) < 0,
To
or (notice f<0)
F'(r,
=" ) > -3.
F(ro)
Try this out for F(r) = —£ U = —;_1 ’
re (a-1)r
, ak F' (r, a
P - 2, Tl 2
r F(x,) X,

(8.138)

(8.139)

(8.140)

= stable if -a > -3 or a < 3. (Must also have a > 1 foras U — 0 as r — .) Easily

interpretable (k > 0 for all cases):

a < 3 case:

Newton
Ueff 2

stable orbits

Download free eBooks at bookboon.com
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a = 3 case:

Newton
Uets ¢ 2

(spirals in
or out)

a > 3 case:

Newton
eff

8.8 VIRIAL THEOREM
Now consider (t = period of motion)

(8.141)

1t d
- | — f dt,
tcf)d (r)r)

),

= l[f(r).-'c]| =0.
T 0
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for a periodic system. (Even if it is not strictly periodic, can let T — o and make or assume

1 .
lim = [f(r)r] | =0. (8.142)

T—>0 7 0

if the system is bounded.) Now we have
& i) - e o
o E@1) = £XE + £oF (8.143)
= (f'(r)i‘z) + (&r)Z) = 0. (averaged over time) (8.144)

Can now use

SO

<f @+ f‘f’> - l<f(r) auvy, (8.145)
uw r dr

w

~_—
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First example: £(r) = const.

= &) =0,

d
> - <d_z> - —(F)), (8.146)

or, in words:
Average centrifugal “force” = Average radial force

1
Must be true for any periodic system. Another example: £(r) = > [Tha

1 ., £ 1< dU>
—ur’ + >) = —(r—),
2 2ur 2 dr

1 du
V== (r ).
(T) 5 < dr> (8.147)
This is just the “virial theorem” applied to central-force motion. Let’s take U(r) = — X Then
1/k
™ = = (=
@ - 3 (%)
1
= @ =-2(. (8.148)

But, T+ U=E = (T) + (U) = E ,
{(U):ZE <0

=
(T) = —-E >0

(For circular orbits, can take off  ).)

for bounded motion (8.149)

Application: galaxy clusters = must be “dark matter” in the universe. Outweighs visible matter

by a factor of 5!
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8.9 PROBLEMS

1. A system of point particles interact via forces which follow the “strong form” of Newton’s
second law. That is, the force of  on a, f,4 > points along the instantaneous line connecting

them, as shown.

0]

Given the usual connection between fixed (Z,) and center of mass (Z,) coordinates,

=I +R,

QHl

(R =

2|

E r,,Mis total mass) and the total force on o,
o

B, = F9 + Y E,,
B
) )

( external ) (internal)
force on « force

Show that the total torque, L = E L, (L, = £, x p,), for an external force of

[¢3

the form,

F = mg,
is simply given by

L =R x F9,

where F*® = 2 F'® is the total external force.

o
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2. Show that

L, (£ =10xp)

=~

dt?
when the potential U(r) = % kr?. Comment on the expected solution.

3. Investigate pure radial bound motion (¢ = 0, E<O0) in an inverse square force field,

F(r) = - L2 for two point masses. Let “h” be the maximum amplitude for pure
radial motion. Imagine the particles move through one another as they pass. How is the

period of pure radial motion (t_,) related to the period of a circular orbit of readius r (t_, )

when h = r?

4. As a follow-on to prob. 3, show that the equation of bound radial motion is a cycloid in

h h h .
E(l—cosd)) ,t=§\/%(¢—51n¢) ,

where h is the maximum radial distance between the masses. What is the relationship

time; that is,

r =

between r and t when E = 02 (E = total energy.) [Hint: Try making a change of variable,
r= % (1-cos ¢) directly in the r integral.]
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You are given that the distance of separation of two planets is given by
r=d(1 + sin ¢),

where d > 0 is a constant and ¢ is the angle. (Ignore the fact that the planets strike one
another at 0 = 270°.)

a) What central force law is responsible for this motion?

[Ans.: F(r) = —361.]
ur

b) Find the total kinetic plus potential energy of this system in the center of mass frame,
given that U(e) = 0.
[Ans.: E = 0.]

Show that the maximum radial velocity of two planets in an elliptical orbit about one

another is

. _ 2nea
Liax = T(l_82) 1/2

where ¢ is the eccentricity, T is the period and “a” is the semimajor axis.

Show that the product of the magnitudes of the maximum and minimum relative velocities

of two bodies in elliptic motion is (2ma/t)2.

Starting from (8.110) of the notes, derive to first order in € only (by a Taylor series expansion)

the approximate result,

2t . 2mt
o) ~ L5 4 2esin(dlYy).
T T

(a) Do a simple-minded solution to Kepler’s equation, Eq.(8.118) of the notes. Assume €

is small and do an expansion of the form
W=y, + Y+,
Find v, ¥, and y, in terms of the “mean anomoly”, M = ——.

(b)  Show that to order € you get the same result for ¢(t) as in prob. 8.8 above.
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10. Show, for the inverse square law of gravitation (“a” is the major axis, “€” eccentricity),

1 1
(a) <Z> ¢ = - 77—
a\|1-g2
g2
1 17
(b) <F> ¢ = a2(1_82)2 ’

1 1 1
(c) <F> t = a2@<rn—2> or

where
1 T
<.o..> =2 [0 g,
T o
1 2n
<. o> = — e
¢ = 2p { -
11. (a) Given
21 dq)

In = .{ (l+ecos ¢) !

can you find a relation between In and In+1? [Hint: Differentiate in €.]

(b)  Use this to relate <rn> . to <rn-1> .. [See prob. 8.10 for notation.

<yrn-1l>
Ans.: <rn> £ = (1(1—82)3/2(1 + € d)( r t)

n+l gegl (1-g2)3/2
12. Verify directly that
<U(r)> + = 2E,

=2

k
where U(r)= - = and E is the total (internal) energy (= 5— - 7). You may use any
w

result from prob. 8.10 above to do this.
13.  Show that

<r">. = = <>, ,

where the < - - - > notation indicates an average over an orbital period with respect to the
subscripted quantity. y is the angular quantity, used in the Kepler equation derivation,
given by Eq.(8.113) of the notes:

r=a(l -¢cosy,

K I . . . . « 3 . . .
where “a” is the semimajor axis and “€” is eccentricity.
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14. Show that

(o). - 522, - 5

(¢ =| £ x p|) for any periodic central force motion. You may need a result from

the text.

15.(a) Using the idea of effective gravitational potential, show that the turning points in an

elliptical orbit under Newton’s force law are given by

2
ke [k o+ 2EC

u

2E

where E < 0 is the total center of mass energy of the system.

(b)  Show that the r , r__you find agree with Eqs.(8.70), (8.71).

v---v---v----v---vu---v---vv--vv--vv---v---ov--vv--vv--ovv--vv-cvv-cov-coAlcateluLUcent 0
www.alcatel-lucent.com/careers

2
.
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In the near future, people may soon think it's strange that
devices ever had to be “plugged in.” To obtain that status, there
needs to be “The Shift".
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16. A paricle in a nearly circular orbit about a planet suddenly has it’s tangential velocity

changed by a small amount, dv. Show that

where a is the semimajor axis, b is the semiminor axis, v is the magnitude of velocity, E

is the (total internal) energy and ¢ is the angular momentum.

Extra credit: The particle’s velocity is now changed by an amount v when it is at r =

rmax and € is no longer small. Show that the changes in the orbital parameters are now:

% _ov %a OB ob 2 ov OE _ ,1-¢edv
¢ v & a E' b l+e v E l+e v
17.  According to the stability analysis, stable circular orbits should exist for a force law
of the form,
k
F(r) = - &, (a<3,k>0).

a) Find how the period, 7, is related to the radius of the circular orbit, a (i.e., the analog
of Kepler’s third law. The text presents two ways of doing this; extra credit if you get
the proportionality constant.)

b) Apply the virial theorem to this force law and find how the time averaged kinetic and

potentials energies, « T» and ¢ U, are related to the total energy, E, for circular orbits.

18. A physicist is standing on the Earth’s equator when a very strange thing happens (the sort
of thing which occurs only on physics homework sets). Suddenly, the Earth’s radius shrinks
to zero, although it’s mass remains unchanged. This leaves the physicist in orbit about the
point Earth. Calculate & (eccentricity) and r . of the physicist’s orbit. (R, = 6.37x103 km,
M, = 5.98x107 gm.)

Extra credit: Get formulas for € and rmin when the physicist is located at a latitude A.

What happens when he or she is located at one of the poles?

Other Problems
19. Let us investigate the attractive inverse cube force law, F(r) = - 73 (k>0),abit more.
a) Find the general solutions, r(t) and r(¢), when x £, (¢ is the magnitude of the
relative angular momentum and p is the reduced rn“ass.)

2
b) Describe the qualitative motion of a planet for €. x>0.In particular, is there any
u

bound motion?
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20. Two point planets (reduced mass p) are in a circular orbit about one another at a
distance r, with a force law F(r) = - 7 (1<a<3). The orbit is slightly perturbed
by a passing comet. Find the period, T, of small oscillations induced by the comet about

the circular orbit. Show that in general, this period is not equal to the orbital period,

M 1/2
Torbj_t = 27 (E) (ro)(a+l)/2 . )
21. Consider two planets which experience a repulsive Coulomb potential, U(r) =7+ (k>0).

The total internal energy is E (>0) and the magnitude of the relative angular momentum

is £.

a) Show that the distance of closest approach, r . , is given by

2
=£1+ 1+2EZ .

min 2

2E uk

b) Show that the radius as a function of angle, ¢, measured from the point of closest

approach, is

ku E(’
= — -1+ 1+ cos .
;2 e ()]

R |

/
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22. Prob. 8.11(b) resulted in the connection,

e (i < Ifrl_-l:>-t
<rh> = oc(l—82)3/2(1 + 17 E)((l—82)3/2 ,

where € was orbital eccentricity. Using this result twice, show that

(l+§82)
r + = A (1—82) 2
23.  'The central force responsible for the given trajectory in prob. 8.5 above was
2
F(r) = -3 ¢ (i I also showed that the total energy of the system, E, was given by E = 0
ur

(given that U(® ) = 0).

a) Draw a graph of the effective potential, Uegs(r), vs. r, for this force law.
Given E=0 for this trajectory, discuss the types of motion possible.
b) Based upon the Uese(r) graph, and keeping € fixed, find the minimum amount of

additional energy, E_, to break free from the force center and move to r = .

24, Investigate pure radial motion (£ =0) for the F(r) = - £2 central force law (k > 0) again,
but this time for E > 0 (U(% ) = 0). Show that algimple parametric representation,
similar to prob. 8.4 above (which was for E < 0) is possible. Set the initial conditions to be
r=0 at t=0. Solve as completely as possible. Show that your solution approaches the correct

velocity, Pr 45t — o,

u
25. Given an attractive inverse cubic force law, F(r) = - % (k > 0), the plot of the effective
r
potential looks like the graph in the text:

Newton
Uete ¢

(spirals in
or out)

Find the orbit solutions, r(¢), for cases @ (total internal energy, E > 0) and @ (E <0).

26. Given an attractive force law (k, a > 0)
k _
F(I’) = - _2e * ’
r
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show that circular orbits for r sufficiently small are stable, but for r large they are not.
Find the equation which determines the value of r where the transition from stable to

unstable orbits occurs.

27. In the text I derived

where €= |¢| (€= T x D) and p is the reduced mass. “A” is the area swept out by

. > . .
the radius vector T from the point of view of an observer on m, or m,. Now show that

A’ _ L (1, 1)da
dt _“mf m%dt’

where A’ is the area swept out by ¥ in the center of mass frame of reference. Note this
means that

AI

x < 1.
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9 SCATTERING AND COLLISIONS

OF PARTICLES

9.1 COULOMB SCATTERING

I will discuss scattering next since it builds on the results of the last chapter.
Consider E > 0 (¢ > 1) motion in an attractive Coulomb field. Picture:

Ueff (r)

turning point, /‘
rmin ]

Follow the course of ' during scattering from m,’s point of view:

y “deflection angle”
hyperbola (origin is
the interior focus.)

r
0
A o

(no longer semi-

«———— “impact parameter”
minor axis)

Equation of orbit (an hyperbola, € > 1):

= l(l + scosq)),
o

R~

1
= _(1 + E)I
o

[a]

min
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2E€2 1/2
€ =1+ ’ .
( 0 ) 9.3)

ik (9.4)

Notice: 28§ + 6 = 7. Also

0 +O= m,
T+ 0
= 0 = .
2 9.5)
One gets © = n-9 for the repulsive force case. (where the scattering center is now the exterior

focus of the hyperbola.)

Scattering event looks completely different from CM frame:

'/ﬂ

final

direction

y

initial
direction

Paths are also hyperbolas here (T T r ', are just rescaling of T .) No matter which picture you prefer,
it is clear that 6, @ are quantities relating to the direction of ' and therefore can be thought of
as being measured in any frame. However, we will actually define scattering angles with respect to

velocity vectors, which will therefore take on different values in alternate inertial frames.

0 = positive angle between initial and final velocity vectors for either m, or m, in CM frame.
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MODERN INTRODUCTORY MECHANICS PART Il SCATTERING AND COLLISIONS OF PARTICLES

Things are simpler in the CM; however, this is not the usual experimental situation. Eventually,
we will learn how to translate our results in the CM to other frames of reference. Notice that only

a certain range of angles for ¢ are now permitted for & > I:

1 1
- = —(1 + ecosq)),
r o
1 1
= — = —(1 + ecos 9),
00 o
1 .
= cos® = - — (allows 2 symmetric values (9.6)
€

of ®; take the + value)

1
= onlyangles cos ¢ > - o are allowed. (Values greater than this would say that r is negative.)

Go back to the Runge-Lenz vector to see it from another viewpoint:
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MODERN INTRODUCTORY MECHANICS PART Il SCATTERING AND COLLISIONS OF PARTICLES

Remember, A is directed along the symmetry Saxis, in the direction opposite to T __ . In particular,

if we consider the initial situation with r — o,

A : poo

Mkéroo. poo °

A : pOC)

Ap,cos® , . P, = -P.,
= Ap, cos ©® = —ukp,,

=>cos®=—%=—
A

, as before.

o |

9.2 DIFFERENTIAL CROSS SECTIONS

Need some more concepts for scattering. Let
I = flux in the incident beam (# particles per unit area per unit time)

dN = number of particles through a ring of radius b and width db in the incident beam per unit time.

’4— large distance —i‘
0

Flarge distanceg'{

dN = (27b|db|)T . 9.7)

The particles passing through the ring are scattered through the angles between 0 and 0 + d6. AN

becomes a scattering concept when we assume that b = b(0):

dN (8) = (27b (6)[db (e)\)I . 9.8)

dn ()

= number of particles scattered into (0, © + d0) per unit time per incident flux.
I
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This is now a quantity which is independent of I. We now define the differential cross section as

(take dO positive)

do (6) dN 1 db ()
= — - = 2nDb(0 .
40 | d0T =5 ©:9)
Intrinsically positive. We usually use solid angle,
dQ2 = sin 6. d6d¢. (9.10)
We will assume azimuthal symmetry here, so
dQ = 2x sin 6d0O,
_, do (0) = b |ab (6)) .
dQ sin@| do | (9.11)

9.3 RUTHERFORD SCATTERING IN THE CENTER OF MASS FRAME

For the Coulomb problem, remember

A = u’k? + 2ul’E, (A = pke)

2 2
:1=(%) +—2M£E.

2

But cos® = —

o |
=
~

I
Q
o
ml\)
@
+

= 1

eventually become
parallel

! WL
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MODERN INTRODUCTORY MECHANICS PART Il SCATTERING AND COLLISIONS OF PARTICLES

At great distances,
7 0

E = kinetic + potential,

2

P

2u
(= xp=bp,.

= E = (two body problem form),

(J2uE  /p, bp’

= sin O = = = ,
A A A
bp:

. 2

— tan® = - A = —%.
uk uk
A

But
0O = Gzn = tan® = -cot —,
2
= cotg _ bp. . (9.12)
2 uk
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Provides the necessary connection between b and 6 for the Coulomb problem. Now get

Therefore

do
dQ

= — i cotg,
do 2
uk 1
2p’, sinzg'
2
1{uk i 1 1
—(“—) 5 cot =,
2\p,) sin® ;29

2
%) 1 “Rutherford formula”
Pe/) sin* =

(CM frame)

(9.13)

True also for repulsive Coulomb force. Indeed, unchanged by quantum mechanics (non-relativistic),

except that k — i(Z zez) for electrically charged particles. (Interpretation of it in quantum

mechanics is completely different, however.)

First measured experimentally by H. Geiger and E. Marsden. By careful observation in a darkened

room, they found (by counting!) that approximately one in every eight thousand a-particles (Helium

nuclei) was backscattered from a thin gold target. Let’s see if we can understand the

backscattering fraction from the above formula.

8000
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Model: (each atomic layer)

atom

) ®
unit cell

| a | (can also
assume other shapes)

Assume layers are randomly oriented with respect to each other (i.e., one atom in front does not
“shadow” an atom behind.)

Each a-particle can be imagined to pass through the unit cell shown as may times as there are
. < . » JT
layers of atoms. We will take “backscattering” to mean — < 9 < gx.

d@  dQI  4(p)) i 9
2
2
dN=Id0=£(M]:) dgﬂ,
Pe/) sin* =
2

2
1 (ux) % 4Q
Nback = Ioback = ZI( 2) f 0 .
% =
2

>~ 1 over this range of 0, and since the solid angle
corresponding to 5 < 0 < m is 2mis 2w, we then have approximately,

2
k

Nback = g I (M_z)
P

For scattering os off gold foil:

. . . . 0
For this rough estimate, we will set sin*

k — Zze’,u

:ma,

zZ =179 , z = 2,
zzem, )

. ze'm
o - Safem

2 m,v,
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Let us assume that (nonrelativistic formula)

m, v. = 5MeV (I looked it up)

N |-

(1 MeV = 1.6 x 10 °erg ). We also need

lel = 4.803 10 esu
m, = 6.68 107%"gm
= p, = myv, = 1.034 x 10 gm ==,
sec
Still need I. In our case (imagine a single particle passing through the sample; also imagine
multiplying both sides of the above equation for N, , by the total time of the experiment so that
N

v I8 @ pure number):

I = number scattering processes per alpha particle / unit cell

1
a-2

= I = n,
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where n is the number of atomic layers in the sample thickness. Sample thickness was - 1y = 10cm

(also looked this up). So

10%cm

Some other calculations giving a:

gm
pgold = 19.28 —3

cm
Avagadro
!
N, = 6.023x10® 22 | m_ . =197amu
gm
t .02 10*
(atOI:ls) I (#a oms) _ 19.28(6 023 x 10 )
cm’  Jooia gm 197
= 5.9 x 10% 2tOMS
cm

This means

_1
a = (5.9 x 1022)4 - 2.57 x 10%cm

= I =5.90 x 10*%cm™.

Putting all the pieces together now gives us

1

= N, = 4.76 x 10" = .
21,000

too small - 2. One reason: did not integrate the cross section. This means we have underestimated

the number of interactions. (But see the homework problem!)
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9.4 SIMPLE TREATMENT OF LIGHT DEFLECTION

Since we talked a little about one general relativity effect last chapter (perihelion procession), will indicate

another result here. For very small angular defections, the above relationship between b and 0 becomes

b;ptk 1
a7
p: 97
:6:¥£ M=&,k=Gmlm2
p. b m, + m,

Use this to model a light ray grazing the radius of the Sun:

>
J 6
light ray

Sun

Therefore, take b = R, m, = M (Sun’s radius, mass.) What to do about p =~ m, , p,? For light,

P=—-
C

Use the relativistic connection between mass and energy to replace (E = pc)

E hv
m T
5 (h\/) a (hv)
. ~ ¢ ° cr_ 26N
hv )’ c’R
SET
c

Almost correct, but too small by a factor of 2! (This was, in fact, Einstein’s original result, which

he modified later.) Einstein’s general relativity gives the correct result:

4GM
0 = oM _ 1.75" (sec) of arc.

c’R

S
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MODERN INTRODUCTORY MECHANICS PART Il SCATTERING AND COLLISIONS OF PARTICLES

Another new thing about light scattering in general relativity: glories.

=
light ray
A tiny amount of
Black of light is actually
hole backscattered.

Appears as a sort of
\\haloll

el

9.5 CROSS SECTION COOKBOOK

We have been discussing a special case of scattering, the inverse square force law. We need some
cookbook formulas for doing other force laws. Will give differential cross section in the CM frame.

Need general connection between b and 0. Start:

2

E = 1Mr2+
2

~ + U(x) .
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Can “reduce the problem to quadratures.” Solve for T:

2

: 2 ¢
=+ = (E - U®x) - —,
£ \/ L (B 0w) - o 9.14)

T

have to pick correct root
(Ugffr(r) picture good for this)

d—¢$dr=idr,but¢= S
dt dr r ur

e
dp = = r° dr

do =

* - (9.15)
1
\/ZM (E - U(r)) - e
2
Assuming E > 0, (E = 5—“’) and integrating on dr fromr __ to r = ©,we get
u
r = o, we get (/ = bp,):
© defined positive
J
© dr
© = +b [ it - - 9.16)
Fnin \/(rz - bz) - —!;L r’U(r)

Warning: r_itself is a function of b, in general.
Cookbook steps:

1. Evaluate r_ (b).

2. Do integral.

T+ 0 T-0 . . . .
3. Use ©® = or O = in the attractive or repulsive cases, respectively, to
2

find b(0).

4. Plug in d—o = b @ .
dQ sin 6 |d6

Another warning: does not work for all potentials, U(r). Most require Lim U(r) = 0.
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Just to get a feeling for using the cookbook method, do the repulsive Coulomb case (different from

attractive case). Picture:

20 + 6=

cos O = __pb (9.17)

Can write as

2
2
b
cos’ @ = —\P= =1
1+ kzu)
p.b

same as before.
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SCATTERING AND COLLISIONS OF PARTICLES

9.6 CONNECTION BETWEEN LAB AND CM FRAMES

Only problem: cross sections usually not measured in the CM frame.

Lab Frame

(usual expt.

FULL ENGAGEMENT...

CM Frame
situation) (P =0)
o a 4,=0 g, g,
initial: ! > e — > -
m,
YA v
final:
P
>X
L&
V2
EXPERIENCE THE PO\

RUN FASTER.
RUN LONGER..
RUN EASIER...

IORE & PRE-ORDER TODAY % |
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Only showing initial and final velocities; not discussing dynamics but kniematics. We will assume
elastic collisions — no heat generated or mass/energy lost. We will conserve both momentum and
energy. We will also assume that all motion takes place in one plane (azimuthal symmetry, as we
assumed before in the cross section discussion). We will take the angles y, &, etc. as positive; if

not, we can always re-orient our axis so that they are.

Only difference between the two viewpoints: observed by two people who have a relative velocity,

V. All primed and umprimed quantities are related by V:

initial final
G, = 4, +V (9.18a) V, =V, +V (9.19a)
4, =14,+V =0 (9.18b) V, =V, +V (9.19b)
= 4, = -V
notation
U - initial velocity
v - final velocity

1,2 - which particle

prime, unprimed - CM, Lab frame, respectively

By definition,

lab coordinates

|

R = gizsnhﬁ_,

- -, 9.20)
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In the CM coordinate system (f’)after

before

= 0. Therefore

m,u, ,

8
c
+
=]
c
I

0 = mu, =
0 = mv, =

m,v

(u,, v, etc.

distances ¢

T, = total energy in CM frame

T )rore = ()
( 0 before 0 after
2 '2 2 ‘2
—mu,° + 5 mu, = —mv, + -mv,,
2 2
‘ m , m
2 1 2 _ 2 1
= mu,” + || mu, mv,° +m,|—
In2 InZ
= u, =Vv,.
Also
2 2
m . , ‘
1 2 2 _ 1 2 2
m [ u’ + mu,’ = mv, + m,v,
1-n'2 In'2
= u, = V,.
Thus, to summarize:
o m, . om,
u =v, = —2u, = —“*2v,
m, m,

(9.21)

(9.22)

are magnitudes only.) Assume any potential that exists between the particles & 0 as

oo; then, far enough apart, the energy is purely kinetic. Let

(9.23)

(9.24)

= only 1 unknown velocity magnitude in the CM frame. Other unknown: 0 (¢ = — 0). Let’s

say we measure these 2 things in a given collision. How are they related to quantities in the Lab

frame? From before,
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but

:>ul=—1 2'&u'1=1+—lull
m, = (9.25)

known or measured, say
Not specified yet: vV, V. We have,
vV, =V, +V,
v, =V, + V.

Have to start invoking angles now:

_ V = -4
2= v+ V2 + 2V, 2
2 '2 2 ! V = — ml
> =V, +V +2V -y, |V =1, = —1U
m2
~ . m, ..
refer to 2V v, = 2Vv,cos0 = 2—uu, cosf
— m,
the figures 2V - ¥, = 2Vv, cos(n - 0) = -2Vv, cos O
m .om .
=-2—1tu —tucosb
mZ m2
2
: m : m o
vi=u’+ (—1) u’+2—-2u’cosb,
2 2
2
: m m
= vi=u’|l+ || +2|—2|cosH (9.26)
m2 m2
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N<N
I
—
2|8
£
—_
+
—
D—‘G -
—_
|
N
—
l—‘G -
—_
Q
o}
n
L

<
N
I
N
—
|2
Hc: -
N~———
S
—
[
|
Q
o}
0]
D
~
~

<
|

I
c

2
e (M) e ©
2 1(m) sin 2" (9.27)

@ v, =V, +V,

®©
m<l
1

vV, + V.
@ X : v,cosy =v,cos0+V, (9.28)
y : v,siny = v,sinf. (9.29)
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-cosO

\
CD X : v,cosE =v,cos(n-0)+V, (9.30)
y : -v,sin& = -v,sin(n - 0). (9.31)
T
sinB
Divide Y from @:
x
tany = 'vl sin O _ sin 6 . (9.32)
v,cos 0 +V cos O +
Vl
m,
\Y m ol om sin 0
But = =~-—=— = tany=—"—"—"1-. (9.33)
Vi bt M, cos O + 2

m,

Says that the connection between 0 and vy is nor unique under some circumstances. Look at

m .
=L >> 70

m,

tany = 22 gin@ (9.34)

m,

Given , 2 values for 0. Other extreme, my << 1:
m2
tany = tan@,
= y=0. (9.35)

One value of y = one value of 6. Geometry helps:
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stretch

one value of y = one value of y =
one value of O two values of 0

However, y and v, determine 0 uniquely. Also, one value of 6 = always one value of y. Can now
see what the two extreme cases above correspond to geometrically.

m
More geometry: —- > 1 case:

m,

There is a max value of y in this case:

sin ¢y, = & = M2 (9.36)
V om

) m ) .
In this case one value of y = one value of 6. Rutherford case: — << 1, essentially scattering
m

2
individual a-particles off the entire sample since the atomic centers are fixed => unique determination.

Special case: m = m
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. 0 0
251ngcos—

" = 5 2 _ tang ,
2 cos’ — 2
2
0
= v=a- 9.37)
Now consider equation @ above. Divide ¥ :
x
v,sin§ = v,sin@
v,cosE -v,cos0 + V
=tan§ = sin® .
\Y
-cos O + —
v2

However, V = v,

. O 0
. 2sin — cos —
sin

tan § = = 2 2,
—-cos0 +1 2sin29
2
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2
T -0 ¢ ¢
= 8&=—— = &= (9.38)
For them = m, case we had ¢ = 9 SO
1 2 2 4
T
. 99
\71
Y
< 13
VZ
In the M << 1 case:
m2
2E =1 - 6,
0 =,
=28+ ¢ = m (9.40)
€
—
13

Let’s find relationships between the various kinetic energies. Definitions first:

T

° = total K.E. in 1ab | gome.

T, cM

T

' = final K.E. of m; in lab frame.
T CM

Similarly for T, T,. Of course

T=T+T , T,=T+T,
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Now

2
T, = E mu;j,
. 1 . "
T, = > (mlu1 + m,u, )
P SN S
T = -—mv, T, = —m,v,
2
1
T = -—mv/’ T, = Emzvi

Let’s try to express them all in terms of T,. Remember

u, = u

= T,

= T

= T =

so T <T, always.
: 1

T1 = E

= T1' =

m . m .
1+—2 , u =—2u,
m2 ml

2
m
1
1 m mz(m)
—_ 1 2 2
_5 s T 7| Y1 s
m m
1+ 1+
m, m,
1 2 2 1
_ mm, + mm;| , ,
_2 2 ul__Mul
(m1+m2)
reduced mass
w
—T.
ml
Also
1mu2
'2_1 2 2 171
mv," = —-—mu’° = —*——,
2 m
1+t
m2
2
m
2
( )TO.
m, + m,
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1 m 2
2 S o, — Y,
. o 1 m, 2 m,
T, = myv, = —-m|—u 2 ’
2 m, m
1+
m2
' m,m
_ 172
=T, = 2 To * (945)
(m, + m,)
V2
We have — = —-. Go back to earlier v, expression:
TO ul
2
v, =u,l+|—2| +2|—+|cosH,
m2 m2
2
u m
— v, = 1 1+|—=2] +2|—2|cosB,
1 m2 m2
1+ —
m
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. (9.40)

31

2
v, m; + m} + 2mm, cos 6
: — = 2 =
(m, + m,)

4,

What about in terms of y? Must express cosO as a function of .

fany - 520 ( &) 0.47
cos 0 + x m,
[“Aside 17:
sin 0
= X = - cos 9,
tan y
% - sin@ cosy — cos O siny
sin '
0 (0 —
X = M , useful later.]
sin Y
1-cos’0

2
= tan” ¢y = ’
cos’ 0 + x* + 2x cos 0

tan? w(cos2 0 + x> + 2x cos 6) =1-cos’9,

cos’ 0 (tan2 P o+ 1) + cos 0 (2x tan’ w) + (x2 tan® ¢ - 1) =0.
AN

t
1

cos® Y
A quadratic equation in cos 0. Solution to Ax* + Bx + C =0 is

-B + +B? - 4ac

X = ’
2A
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SO

4 (1 - x* tan’ lp)
cos’
2 14
cos’

—2x tan’ ¢ = \/4x2 tan® ¢ +
cos O =

(1 - x* tan’ lp)

= cos 0 = —xsin® ¢y = cos® ¢ \/xz tan® ¢ +

2
cos” Yy (9.48)
Inside the square root:
2 2 2 1 2 2
x* tan® ¢ |tan lp——z):—x tan® ¢,
cos’
-1
= cos 0 = -xsin® ¢ = cos? lp\/—z - x* tan’ vy, (9.49)
cos’
T
would have written |cos y |, but
because of the * signs, this does
not matter.
From above
1+ iz + 2 cos 8}
T _ X x ) (9.50)
T 2
S (R
X
SO
1 ) 1 e 2
1+ — -2sin”" ¢y +x 2cos ,[— —sin” Y
T X X
T_l = v . (9.51)
° 1)
x
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Notice the numerator is a perfect square:

2
. 1 .2 _ 2 1 .2
CcOsSs w + ? — Sin w = COS w + ; — Sin lp

1 . 2
*2 cos Y,[— - sin" ¢,
X
1 .2 1 2
=1+ — -2sin” ¢ £ 2cos,|— - sin” .
X X
1 1 i
T .
= 1 =" _|cosy = | -sin’y (9.52)
T, 1 X

2
. T v
Since =&+ = |2,
T, u,

= v, = L[x cos P = \/1 - x*sin’ y|. (9.53)

360°
thinking

Deloitte
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The * corresponds to the 2 possibilites in the following figure. Remember, for !

— = x > 1,
T m
P, < 5 = cos 1 > 0 So we have 2

stretch

“stretch”

y

T

“Wshort’’ (x > 1)

Confirmation: “short” case v, should — 0 as x — 1" (through larger values of x)

Vishort % [COSIP - m] =0.

cos w—|cos ll)|

=> Only the “stretch” case survives for x < 1. (Can see that for x < 1 the negative root would make

. . . . . T,
v, negative.) The same interpretation applies to the expression for

TO
[”Aside 2": From (:>, y equation:
v,siny = v, sin 0
[“Aside 2”: From @, y equation:
v, siny = v, sin 0
——EL——P{cosq)i Jl—-xzsinzw]
sin® v, (1 +x)
siny v, u ’

1

(1+ x)
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“stretch”

!
cos (6 - y) = iJl-xzsinzu).]
T

‘“‘short'’’

[“Aside 3”: From “Aside 1” we have

sin (6 - ¢) = xsiny.
Thus, from
sin® (6 - ¢) + cos® (6 - y) = 1,

we have immediately

“stretch”
!
cos (6 - ) = :Jl-—xzsinzq).]
T

“‘short’’

We get very simple results when m, = m,. Then, for y # 0, we have only one 0 value:

N

There are actually two solutions where V and ¥V, are co-linear in this case:

6, = 180° B, = 0 (two
(head-on particles miss
collision) each other)
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The solution where the particles miss each other has ¢y = 0 whereas the head-on collision is

characterized by y — 90°. (Remember, y = g for x = 1. We have forx = 1,

Tl 1 2 2

2L = —— _[2cosy] = cos’y. (9.54)
T, (1+1)

This goes to zero as Yy — 90°, which means in this limit m, comes to a complete halt after the

collision. This fact is useful in nuclear reactor modulators, which slow down (or moderate) neutrons.

It says that the best way of slowing down free neutrons is a material which contains light nuclei

(like the deuterium in so-called heavy water.) Obviously,

T .
2 = sin’ vy, (9.55)
TO

in this limit.
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9.7 A KINEMATICAL EXAMPLE IN THE LAB FRAME

Let’s do an example. Let’s say a particle of mass m_ scatters elastically from one of mass m, at rest
in the Lab frame. The ratio = = f is given. Find the angle y through which m, is scattered.

u
We have

1

L [XCOSIPi\/l—XZSinzlp].

Thus,

= £(1+ %) = xcos Y = 1 - x* sin’

= £ (1+x) +x"cos’ y - 2£x (1 + x) cos y
=1-x*sin®y

= £ (1+x) +x -2£(1+x)xcosy = 1.

Solve for cos y in terms of x and f:

x> -1+ 1 + x)°

Dy F

To find the meaningful range for x, write

-1

I

cosy =1

Plug cos ¢ = 1 into the above (note 0<f<1 and that x is positive):

f+1
1-f

. (largest x)

= X(cosy = 1) =

The other limit is for cos ¢y = -1, which we get by simply letting £ — —f. Thus
= x(cosy = 1) = 1 (smallest x).
X(cosy = -1)
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9.8 RUTHERFORD SCATTERING IN THE LAB FRAME

Let’s find the differential cross sections in the Lab frame. Remember the meaning of do:

= 2n b |db|. (9.56)

I

This is unchanged going from one frame to another. (At this stage there is no reference to angles.)

Then

b = b(0),CMframe or b = b(y),Lab frame.

The connection between Lab and CM cross sections is,

Lab CM
! !
do do ,\) 42(6)
29 () = [Z2 (0
~ S5 = (550 ot 057
do do sin 040
Rl = 29 (g) 22U
- dQ (lP) dQ ( ) sin Ydy 9:58)
Result of “Aside 17
M = X. Do 4 on both sides:
siny d
_—sin.(ez— w) cos Y + cosv v (0 _ 11’) (d_ﬂ - 1) =0,
sin” ¢ sin dy
do sin (6 - y) cos
R [ .
= dy cos (6 — ¢)siny ©:59)
Use
sin (6 - ¢) = xsin vy, “Aside 1” again

cos (6 — y) = +\/1 - x’*sin’ vy, “Aside 3”.
T

specializing to x < 1.
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We find

d_6=1+ X sin y cos

dy \/l - x*sin’ ¢ siny

14

(9.60)

(9.61)
dy \/1 - x*sin’ Y
so (x < 1 case; using “Aside 2” now in (9.58):

_, 46 _xcosy+ \/1 —xzsinzw.
do sinf df
(W) ( ) siny dy

99 (w) = 22 (0 (w)) [xeosy + 1~ <sin'y |

dQ dQ

\/1 - x’sin’y

(9.62)

Iil
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Also from w

X =Xy
siny
= 0 = ¢ + sin™ (x sin ) (9.63)
. <« » . ml v . <« »
Notice for “b” large enough in the x = — = — > 1 case, we are in the “stretch” case.
m v

2 1 . m
When b is smaller than the value that causes scattering into angle W, = sin™ (—2) , then

m

1

we are in the “short” case. (Formally, the critical value of the impact parameter is given by

b, = b|y = sin™ (ﬂ) . ) Both, however, cause scattering into the lab angle y, and thus the
1

analog for x > 1 is the rather complicated expression

2
[xcosxp +4/1- xzsinzlp]

=>d0( )_do

(G(W)) Istretch

dQ'’ do 1—x2sin21p
\/ . (9.64)
2 .. 2
_,_@(e(w)) lShort [xcosxp— 1-x"sin lp]
deQ \/1—xzsin21p
If x < 1, can do an expansion in powers of x. To 02 order,
0 = vy,
do do
- =~ _— (6 ,
% () = 22,
d 1(uk) 1
- _"(w) =2 “_2 . (9.65)
2

Remember, p_ is measured in the CM frame. Connection with other quantities:

Pe = W |Linigia| = W (ul + uz) '
, . m,
mu, = myu, = u, = u, .,
m,
m,m,
= ’
m1 + m2
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m, + m,

Now
p. _ Wui _ pu _
2u 2u 2 °f
But
m, 1
T = T = T,
m, + m, 1+ x
Therefore for x << 1 we have
2
oy = L{E] 1 966
dQ 16 \T,) ;0 ¥ (9.66)
2

written entirely in terms of Lab quantities. Now let’s see what the first order correction to this

expression (in x) is.

0 =0, +x0 +..,
(9.63) = 0, + x0, = sin™ (x siny) + Y,

. 3
sinty = y + 4—0y5+...,|y|<1,

3
Ly
6

= 0, + X0, = xsiny + Y,

D
|

o = Y

, = sinn.

D
|
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_ [1+ xcos w]2

[x cos { + \/l - %X’ sin? lp]z

- - =1+ 2xcosvy,
J1 - x* sin® y 1

Y

sine = sin +Xsin1p
2 2 2 ’
Yy

= sin4 + Xsinwcos
2 2 2’

Yy Y

. 4 .
= sin - + xsin & cos’ +,
2 2

P

> sin* 9. sin* v (1 + 4x cos’ —) .
2 2 2

3d_0(w):1(&)2 1 (1 + 2x cos V)
4 sin® ¥ (1 + 4x cos’ 121’)

2
|
P

= 1+x(2cosw—4coszz),

= 1+x(—2coszg—25in2%) =1-2x.

Also
uk k ko k(1+ x)
B, ,(pl) 2% o,
2u
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MODERN INTRODUCTORY MECHANICS PART Il SCATTERING AND COLLISIONS OF PARTICLES

Finally, then to first order in x:

d_o(lp) =1 (E)Z — 14 B (1 + 2x)(1 - 2x).
o/ sin 5 21

First order correction vanishes! This means the Rutherford cross section, which is strictly an x=0

result, holds very accurately for 0 < x < 1. Will not torture you with the next order, ~x2, correction.

9.9 TOTAL CROSS SECTION

Total cross section:

do
o = do = —(6)dQ .
auf f dQ( ) (9.67)

angles

(dQ = sin 6d0d¢)

‘mtgia IrAX?A Graduate
2

———— L1 BX
A' DAl '
\ |
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For Rutherford:

. O 0
251nEcos—

2
i
2
1 k 21 T .
G__(u,_z) qu) s1n6d6_
4\p.) % o sin® —

(strictly speaking,
the point O = 0 is
excluded in the integration)

Q
I

2 5 Ccos —
—2n(%)f 2 49

P.) % sin®? 2
2 T
o = 3n (@) S N — 400,
pOO

2sin? LA
2

Understandable: particles are a/ways deflected regardless of b value. Can see it in:

do = 2m bdb,

max

b
= 0 = 2% f bdb = ab? . (9.68)
0

max

where b is the maximum impact parameter which suffers an angular deflection # 0. Thus, in
max
classical mechanics, the only type of force laws for which o is finite are those of the form

Fe) =0 , r > a

where a is some finite value of separation. Example of this possibility (0 = y here since the sphere

is infinitely heavy):

7

y

heavy sphere,
radius = a
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Clearly, this problem has azimuthal symmetry if we take the +z axis as shown. We have

b =asin®,
20 + 0 = w.

notice: -sign
(repulsive scattering)

0 - T -0

) (n-—@) 0
b = asin > = acos —.
do b db db a .
— = — = — —sin —;
dQ sin 9 |dO doe 2
0
do acos - a . 0 1,
= _— = 5 5 —sin— = —a‘.
dQ 2sin — cos — 2 2 4

=>c5=f%a2ds2=na2

Just what we expect.
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9.10 PROBLEMS

1. The Rutherford differential cross section is

do _1fwk) 1
dQ 4 \p?

. 4 0
sin® —

Therefore, the backscattering cross section is

2
1{uk
Opack = Z(p_z)

©

[Tap [ a6 Sln% .
’ w2 sin® —
2

1 ) .
5 |e=n= 1, which resulted in an

In the text I estimated the integral by setting —
sin —
2

underestimate of G, __,. Now do this integral exactly. By what factor was the original

estimate off? Will this improve the agreement with Rutherford’s experiment?

Ijoined MITAS because eSSt
I wanted real responsibility www.discovermitas.com
‘.' [ g . o -

& o et B

R -al.li"f

I was a construction
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the North Sea
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=
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We estimated in the notes the fraction of 5 MeV alpha particles backscattered (g <0 <m
from a target made of gold foil and found that about one in every 21,000 particles should
backscatter. (This was changed to about one in every 10,500 after we corrected the integral.)
Suppose Rutherford wanted to make a lead shield to protect the other experiments
in his lab. Note that for lead, Z = 82 and m, = 207 amu, and that the density is
Pp, = 11.4 % Estimate the minimum thickness of the lead that would shield against
these alpha particles (in centimeters). [Hint: Require all particles to be backscattered from

the lead. Neglect the possibility of multiple scattering.]

Given that (T is total CM energy)

k

T

exactly for some unknown central force law, find

a) the CM differential cross section, do ©).
b) the number of particles backscattered (that is, with angles 8 such that g <B® <m)in
the CM frame. (Call this N, ,). Assume a known incoming particle flux, I.

Do the integration in (9.16) leading to (9.17) of the notes.

Consider scattering off of a weak potential U(r) such that U(b)<< E, where b is the impact
parameter and E is the total energy. Show that

Yoin = b(l + w),
2E

which shows thatr < b for an arttractive potential (U(b)<0)and vice versa, as one would

CXpCCt.

Look up and plug values in (Mg, Ry are the Sun’s mass, radius)

4GM,

AO = 1
c® Ry

14

to get the angular deflection for starlight in seconds of arc.
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7. Consider a head-on collision as seen from an unknown reference frame. Assume the ratio

m
— 1. . . .
X = o s known. It is observed that m comes to a complete stop after the interaction.
2
Assuming energy and momentum conservation, find the after/before ratio of m,’s kinetic

energies in terms of x.

8. Derive:
in 2
(@ tany = —Sin%
X — cos 2§
. sin ¢
(b) siny = > ’
\/1 + X° - 2xcos ¢
where x = % and the angles ¢ and ¢ are defined in the text.
m2
9. From prob. 9.8(b), or any other means, show that
tany - —Sin¢®
X — cos ¢
10. In reference to Eq.(9.65) of the text, evaluate the critical impact parameter variable, b, for
the Coulomb scattering potential, U(r) = + E, in terms of k, |, p, and x.
r
11. Consider scattering of a point mass m1 off of a hard sphere of radius a and mass m,.
(The ratio x = M arbitrary.)
m

2

b¢ U3 \/
’
radius = a

The angle of the sphere’s (m2’s) deflection in the laboratory frame (m2 initially stationary)

is given by,& = sin™ (E) ywhere b is the impact parameter.
a

a) Show that the cross section evaluated in the CM frame of reference is a constant.

b) Find the deflection angles 6 and y for m1 if the impact parameter is b = el

V2

In addition to the above, find the the cross section in the Lab frame of reference for c)
x<1 and d) x>1.
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12. Show that (9.62) of the notes can be written more simply as
d d Y vw
o o \% v,V
— W) = —=O)|—=| ——.
dQ dQ v, v, "V,

13. Given a center of mass differential cross section,

do _ Acos’ 0,
d

(0 is the deflection angle of m1 in the CM frame) and a particle flux, I, find the number

. T . . .
of backscattered particles (= < 1 < ) per unit time in the Lab frame. Assume m,

>>m, where m1 is the mass of the incident particle.

14. With the same cross section as in problem 9.13 above, find the full Lab cross section for

x < 1. How does one specify the “short” case in the relation between 0 and y?
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15.

Hard sphere scattering:

incoming sphere, radius = c

4

bi @7

infinitely heavy
sphere, radius = a

) . ) ¢ )
Assuming a symmetrical scattering event, find d_Q and the total cross section.

Other Problems

16.

17.

18.

Escape velocity is the minimum speed a particle needs to escape a planet or star, starting from it’s
surface. Previously, we estimated the angular deflection of a light beam traveling near the Sun,
treating the light as if it were an ordinary massive particle. In the same spirit, find a formula
for the maximum radius of a star of mass M from which light, traveling at the speed of light,

¢, may no longer escape. (This is called the “Schwartzchild radius” of the star.)

The maximum scattering angle, v, in the Lab frame for m, in the x > 1 case

(x = M) was given by sin(y

max )

=1 Show that this happens when the CM
X

2
scattering angle, 0, satisfies,

1
cosB = - —.
X

Consider a finite range inverse square force law. That is, we have an attractive force

( k
Rr)= { z2'"° %
| 0 ,r>x
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19.

20.

21.

radius

Show that the deflection angle ® is given by (E=total energy,b=impact parameter)

bz_ﬁ

2
E
k\ k)
T, () +4b” |1 - —
E r,E

Concerning the same problem as 9.18, show that the CM scatterimg angle 0 can be written as

cos O =

T

6 = 2sin™ (3) - sin™ (cos ).
Given the results in probs. 9.18 and 9.19, go as far as possible in finding the scattering

. o . .
cross section, , in the CM frame for this force law.

Eq.(9.62) gives the scattering cross section in the Lab frame, dd_g (V) |y in terms of he
cross section in the CM frame, :—g O) ) |op for the x = m /m, < 1 case. Turn this 3round

by expressing 99 ©) |, 0 terms of the laboratory quantity, also for x<1. [Ans.:
dQ cM

do do
— (9 = — 0
dQ( )cM Ts) (P( ))L

(1 + xcos 0)
2

3/2171

ab [1 + X + 2x cos 0]
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where
sin 0
tan = —m8..
cos O + x
22. (a) Show directly that the equations (x = m,/m,)

0 =y + sin_l(x sin ),

and

. 1 .
cos 0 = -xsin’ y + x cos w,/; - sin’ vy,

are compatible.

(b)  For x = 2, what two roots, 0,, 0,, are associated with y = 7/8?
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23. Given the result for the Rutherford differential cross section in the CM frame for m,,

2
- %(&) 5
P/ gsin* =

find the differential cross section for m, (NOT m) as a function of the appropriate angle:

a) in the center of mass (CM) frame

b) in the Laboratory frame (m, initially at rest)

24, Given the result for the Rutherford differential cross section in the CM frame (all for m),
d 1(uk) 1
oo 2

find the differential cross section, d—o (), in the Laboratory frame, when m =m, (x=1).
Q
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10 NON INERTIAL
REFERENCE FRAMES

10.1 FINITE DISPLACEMENTS AND ROTATIONS

Need transformation connecting fixed and moving (body) noninertial frames. Picture:

3 1
3
r
r
2
R 1 \
1,2,3 system
is in the act of
rotating.
2 !
1!
Going to let the 1,2,3, We are going to consider
system “evolve” an = an infinitesimal relation
infinitesimal amount in for the r axes, but
time, dt finite displacements, R

(1,1°), (2,2), (3,3’) axes coincide in direction at some instant of time, t. Clearly, the reason for this
is to describe, for example, motions relative to the Earth, which is noninertial. This is all done for
convenience, not any real physics reason. In fact, strictly speaking, this chapter has zero physics
content! This does not mean, however, that these considerations are not useful or convenient.

There are two types of transformations that will be involved:

1. Displacement: T = I' - R. (see above figure)

2. Rotation: (a “generic” passive rotation)

r = E }\‘ij rgr . (passive)
j
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Picture: (specialized to rotation about 3,3’)

2!

3,3
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Put them together. Step 1: displacement. At the end of step 1:

3"
3 1
2"
— 1!1
2" "=Tr"-R
1 1
Now wish to rotate. Rotate the T axes:
3"
2
3
<— A rotation
about an
arbitrary axis
2"
1"
1
r = Y AT (10.1)
But r"s =15 -R, , s0
o= 2y l(n - Ry (102)
3
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Represents:

3 1
r 3
B 2
rl
R 1
2 1
l 1
In matrix notation, this is
r = Mr'-R). (10.3)
It’s inverse is
r'-R=AN'r = AMr. (10.4)

We really need only the relationships between r and r' for an infinitesimal rotation. What is A

for such a situation? Remember

Kho=1 , X' =N,

E )\‘ij )\‘ik = 6jk . (10.5)

Assume

Ao = 0,. + O\, . (10.6)

1] 1] 1]

T

change in A necessary
to represent an infinitesimal

passive rotation
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Substitute above:
N (8y5 + Ohyy) (e + Byy) = 8y - (10.7)

0*® order: Eéijéik =93, . V

1% order: Y (8,;8h, + Oh0,) =0,

1

= O\, + 0N = 0.

or dA;, = -0\, antisymmetric (10.8)

Also implies there are only 3 independent elements:

o @ @
Ny, =| -1 0 (3 1), (2), 3) arbitrary elements
-(2) -3 0
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10.2 INSTANTANEOUS RELATIONS FOR VELOCITY, ACCELERATION

Now go back to Ch.1. Representation of an infinitesimal aczive rotation on a vector:

50
r r + 0r
df = 800 x T,
or 0r;, = E €5 00, 1 . (10.9)
3k

Now, any active rotation is given by a passive rotation in the opposite direction. Start:

Passive, — 0:

(Ai5)

Active,0:
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Passive , — O
(5 = %) !

1]
have the same

COWZPO?’ZE?ZZLS

This gives us two ways of specifying the effects of an active rotation:

Way 1: or, = E €5, 00,1 . (active rotation)
j’k
T . . .
Way 2: or, = E ST SRR (passive inverse rotation)
J

(final) (initial)

or or; = E )\’Tij r -n, (10.10)

J

Must be the same:

E ON,, I,
k

€
ik

80, z,

ijk
= O, = Y £,00;,
J

or = 6)\'ki = E skijé‘)@j . (10.11)
]
Notice, as expected, O\, is antisymmetric in k,i.

Our relationship between the primed and unprimed coordinates are again,

r, - R; = E 7"Tij L. (10.12)
3
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Consider an infinitesimal change on both sides:

O @

dr; - OR, = Y 0N 1 + N or. (10.13)
Jj J

Why 2 terms on right side? @ arises from the rotation of the noninertial axes while @ is due

to the independent motion of the particle relative to the r axes. Found earlier,

Of course also

A= 0. + 0N, (10.14)

ij ij ij
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SO

dr, - OR; = E €500, 1, +E (6ij + 673_;]-) or; . (10.15)

can drop (2" order in small quantities)

Thus
dr, - OR, = Y &, 00,15 + O, . (10.16)
Ij
Divide by 6t (B—Q = @)
ot dt
dr, dR, dr de
A S S SR A S S
dt dt  dt kzj " oae (1017
But
do
W, = dtk , (10.18)
SO
dr’ _dr (AR Gxs
dt dt dt ' (10.19)
or
Vv, = V. +V+@xT. (10.20)

r'). . . . . .
v, (= —) is the velocity of the particle relative to the fixed frame. (It is the velocity as measured
by an observer at rest in r') Must be a constant in magnitude and direction if the particle has no
real forces acting on it. ¥ _ is the velocity relative to the moving frame, whose axes coincide with

the fixed aces at the given instant in time.
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Picture:

in the act of
rotating about
some axis.

R

ll

Now do the second variation:

dr, - OR, = » Oz +Y A
J 3

dor; ,

i

= &'r, - R, = » & A, + 2 OA], or;
3

+ Ekfjézrj.
3

1

(10.21)

can replace by 8ij

Before, we compared

or.

i ijk 7’

to

(10.22)

(10.23)

(10.24)
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Now
O'r, = Y &, O(06,%,)
¥t
= Yoy, (8%,r, + 00, 1) . (10.25)
But |
dT, = Y & 00,1, , (10.26)
SO -

d'r, = 2 € | 905 + 2 €4m00,00,1, |,
jk /,m
(let m—k)
= E €54k 626jrk + E €im Emékaej 00, r, . (10.27)
ik ik,
£, m

v---v---v----v---vu---v---vv--vv--vvv--v---ov--vv--vv--vvv--vv-cv--cov-coAlcateluLUcent @
www.alcatel-lucent.com/careers

2%

One generation’s transformation is the next’s status quo.

In the near future, people may soon think it's strange that
devices ever had to be “plugged in.” To obtain that status, there
needs to be “The Shift".
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On the other hand, compare this to

8r, = 2 N, T, . (10.28)
Identify:

N, = 2 €15 626j + jzmsijmgmfk 56,06, . (10.29)

(Switch indices: k = j , J — k everywhere.) Put it all back together:

dr, - 8°R, = E aikjézﬁkrj + E €11em Emy 00, 00,15

ik ik,
/,m
+2 ) £,,80,0r + d°r, . (10.30)
%
2 2
Divide by dt” (6 Q2 = g %)
t
d’r, dR d’o, dr
= > T > = €ixj 2 2
at’  dt? & Mag? | de
do, do, 4. dr.
+ ) g — Es —— Ly | +2 ) € —= —2.
kIEm ikm dt (/,j m/j dt j) ],Ek ikj dt dt (1031)
2
Identify o, = do, , O, = d L and write in vector notation:
dt dt
P =R+T+DXE+®x(®xE)+20xF. (10.32)

R represents the acceleration of the origin of the T coordinate system relative to the r' origin.

Will be zero if we consider uniform motion. Picture:

1!

Also have ® = 0 in the case of constant angular velocity (magnitude and direction).
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10.3 USEFUL EARTH COORDINATE CHOICES

Write in the inertial system

F = mr, (10.33)

- mr. (10.34)

or
F_. =F—m(ﬁ+asxf—a)x(a>xf)+za)xf).
(10.35)
““centifugal’’ ‘“‘Coriolis’'

Remember:
Deflection is to the right in Leads to deflection of air
northern hemisphere and masses in a counter-clockwise
to the left in the southern = direction in the northern
(relative to the initial direction) hemisphere

Download free eBooks at bookboon.com



MODERN INTRODUCTORY MECHANICS PART Il NON INERTIAL REFERENCE FRAMES

For the Earth, we often choose:
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Fpe = F - m(®x (@ x E) + 20 x ). (10.36)

poll

=r +

a1y}

]!
Il
]!
+
peli
+
e
X
]!

T =f+ﬁ+(?)xf+2(?)xf+(f)x(6)xf).

How come we do not get ' as simply the time derivative of the expression r' for example? Because
r' and T are referred to different axes which are rotating as well as moving with velocity R with
respect to one another. There is another way of viewing this process more in line with the book’s

derivation. When a change in T is considered, calculated with respect to the moving axes, we have

(87), = (8%), - (o%)

passive (1037)
0 0
fixed rotating
From before:
understood in fixed frame
<_
(6f)passive = _(6f)active = _6_6 X f’
= (8zr), = (dr)_ + 86 x T. (10.38)
Thus
/E) - /E) + ® x T o= (10.39)
\at/,  \at/, dt
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This is true for any vector, not just I, as long as the fixed and rotating axes instantaneously coincide

in direction. Including the effect of translation of the coordinate origin, this now gives

(df') _ (df) .
\at/,  \at/,
T
make
replacement
= f"= f R

dr' df dR -
= | == — +OXT+
at). \dt), dt
However
(df\ (df\ _ s
— == +®xr,
dt/, dt/,
= :'=f+®xf+§+6)xf
:f‘=f+§+(ﬁxf+2®x
This is also as before.
Get back to F,,, on Earth (static case, r=0)

F. =F-mdx(®xZI).

+ R +0®XT

af
dt
T

understood in fixed

frame

as before.

see above

This means that the effective acceleration due to gravity and the Earth is given by

Geer = 9 - @ x (@ x R).
T T

gravity
only

0 X (d—f) 4
at),” (10.40)
(10.41)
+ @ x (f + @ x f),
r+ax(0xI).
(10.42)
(10.43)

ﬁ points from center

of Earth to surface
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Picture:

A =1latitude

As we can see, —@ x ((I) X ﬁ) has components along 3 and 1 axes. Another view (corresponds

to the 13 plane above):

To

local N
—G)x((?)xl?{)
local S

Center of
Earth

has a small southerly
component in Northern
Hemisphere
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At equator, it’s particularly simple:

NON INERTIAL REFERENCE FRAMES

i Center of
Earth

You will find the angular deviation of a plumb line from the true vertical caused by this effect

in a problem.

Example: central force problem.

Iy
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(5 = 0

® into page
in general)

v S planet

, 1 1,2 axes rotate
' so that planet is

3 ’ always located along
-7 the “1" axis.

fixed force
center

R
Il
H
o>
R
Il
H
H(D
—_——
o>

21!
Il
H:

H('D

0 = -m (-0r - 20r).
: 2 g ( . «Wq1»
integrate = r’'o = — , w = — , as before (conservation of angular momentum). “1
components: m
mr = - — - m(—wr),
dr
. 2 1 du
= r - 0r = -— .
m dr
2
. 14 du
or r - —— = - —, also as before.
mr dr
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There are other choices of noninertial coordinate systems which can simply motion problems near

the Earth’s surface. Consider the choice:

point on
surface

local 3

vertical
local East

local
South

For this choice we have

. ,O .
F =F—m(ﬁ+(bxf+®x(6)xf)+26)xf. (10.44)

eff

We need to compute R. Using the general formula

)~ (&) ro

—| =|—| +oxA,

at).  \at).

for any A, we get

() = & x &,

£

. dR . . .
since (E) = 0 . Again applying the above general equation, we get

- _
dl: =(I)x(d—R)=GJx(G)xf{).
at? ), dt /,

Notice that we now get

usually small

F =f‘—m(TJx((Y)xﬁ)—m(I)x((Tfo)—Zma)XJLf- (10.45)
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10.4 DEFLECTION OF PROJECTILES NEAR EARTH'’S SURFACE

Using this F.,., we can now investigate the motion of projectiles near the Earth’s surface.

Qualitatively:
3 (local vertical)
North
Falls to
South
et --
Vv g R

2, . / -

.I’, “. ‘\

West 2 x/ T East
surface
of Earth

1
South
_s radians
o =7.29x 107 ——
second
W = -wcoshe +wsinke,.

Need help with your
dissertation?

Get in-depth feedback & advice from experts in your “

topic area. Find out what you can do to improve

the quality of your dissertation! ' PRU
@ o -
OO pﬂg}
Get Help Now Ovc’d‘
g
o
Go to www.helpmyassignment.co.uk for more info E/Helpmyassignment
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When projected initially to the East, the particle trajectory will gain a Southerly component due
to 1. centrigulal force and 2. Coriolis force. However, if initially projected West, the force will

now deflect the particle to the North. The interesting question is: which deflection will be bigger
when projected to the West?

Take
f‘efflf‘—m(@x(&xﬁ)+2(ﬁxf).

h
To 0% order, we have

R = R&,,
T

radius of the Earth

r(t) = 0,
= r,(t) = - (v, cos a) t (to the West if v, > 0),
r(t) = - 5 gt® + (v, sin a) t (does not include effect of rotation).

Work out —® x (® x R) term:
® x R = (-0 coshe, + 0 sinie,) x (Rye,),
= wR, cos Ae,,
-® x (® x R) = -(-w cosAe, + o sinhe,) x (wR, cos Ae,)

2 2 ~ 2 . ~
= W'R;cos” Ae; + 'R, sin A cos Ae,.

T

term we are interested in

Work out Coriolis term:

20 x £ = -2 (-0 cos A&, + o sin A§,)

x (—vo cos ae, (-gt + v, sin a)é3)
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= - 20 cos A v, cos aé;, -2m cos A (-gt + v, sin a)§,

-20 sin A v, cos aée,

1

This is the term

we are interested in

Plugging these results back into our F.,, equation, we find

— . ~ 2 . s
(Feff)1 =mr, - ®R;,sinAcosA - 2wsinAv,cosa.

If our initial condition is that rl(t) = QO att=0, then

1
r(t) = > (oozRE sin A cos A - 2w sin A v, cos oc)t2 .

. , . h .
Now eliminate the time, t, by using the 0™ order equation,

L .
r(t) =0 = —Egt + (vo s:.noc)t,

. 2v, sina
=t I =,

g
This is the approximate time it takes for the projectile to hit the ground. Therefore

2 s 2
4v, sin” a
2

1
r(t) = — (u)ZR sin Acos A - 2w sin A v, cos oc)
1 2 E 0 g

Question: which effect is larger? Depends on initial velocity, v,,. “Break even” velocity is

= 232

wR, cos A [ OR meters
(VO)BE = . \ )
2cosa 2 sec

Depends on latitude, cos a. (In this problem I have not been very careful about taking care of the

Earth’s curvature. The above considerations only hold for short range projectiles.)
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10.5 DEFLECTIONS FOR DROPPED OBJECTS

Let me now introduce another coordinate system which is useful for calculating the deflection of

projectiles relative to the gravitational vertical. Remember:

N

-0 X @b X ﬁ)

direction toward
Earth’s center

Gor = G - © x (® x R).

By 2020, wind could provide one-tenth of our planet's
electricity needs. Already today, SKF's innovative know-
how is crucial to running a large proportion of the
world’s wind turbines.
Up to 25 % of the generating costs relate to mainte-
nance. These can be reduced dramatically thanks to our
stems for on-line condition monitoring and automatic
jcation. We help make it more economical to create
eaper energy out of thin air.
our experience, expertise, and creativity,
industries ca st performance beyond expectations.
Therefore we'need the best employees who can
eet this challenge!

T»]_ﬁf Power of Knowledge Engineering

N
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Take new, skewed axes along g_;;:

(2 axis out
of page)

1

no longer a f
tangent to surface

Then since

Foe=F -mox (®xR)-nodx (@ x )+ 20 x ),

MG ers
Forr = Magee s
> B, = G - ® x (B x F) - 20 x E. (10.46)
where now Jesse = Yeer ©3 only. This is useful in discussing the deflection of particles relative

to the local gravitational vertical, which can be established with a plum-bob, say. For example, if
we had done the projectile problem above in the “skewed” frame, the term proportional to Rg in

the form for r;(t) would have been absent. Then, to first order in ®:

Bors = ~Jorr €5 — 20 X T (10.47)

In this new frame, we need to find ® . We had

- cos A

B
Il

wsin A

—_—
we Ne

Il Il
o
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After we “skew” it by an angle, it looks like (rotation is around 2 axis):

new 3 axis

Clearly, we have

o, = -0cos (A +¢),
w, =0,
o, = wsin(h + ).
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However, € is a small angle (smaller than .002 radians) and will be neglected below. Now imagine

dropping an object from a height, h.

In 0% order:

I, = —Qerer 5, =0
= -~ - l 2~ . -
= r = —g,.te; , r = —Egefft e, (ifr = 0att = 0)
1*t order (in ®) correction:
W, = -0 cos A,
w, = 0, as explained above

®, = ®sin A.

Then,

—2® x T = 2(-wcos A&, + 0 sin A&;) x (-g.; té,),

= 20 COS Ag_; + e,.

We now get

L, = ~Gege s r, =0, L, =2wmg, tcosh.

Integrating twice on T, we get

r,(t) = %wgeff t’ cos .

Of course, we have

o2 2h
geff '

3

1/2
1
= r(t) = - 8h cos A.
’ 3

geff

Since 1, > 0, the deflection is to the East. You will study this problem further (to second order in

®?) in a further HW problem.
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10.6 FOCAULT PENDULUM

Last problem: the Foucault pendulum. Again, use our “skewed” coordinate system. Only changes:

g = F, =F+ mg_,, —m[mx(mxr)+2mxr]geff
new external force small (ignore)

Say

— ~

F=Fe +Fe, +Fe,

~

Jete = ~Yers €37
® =-wcosAé +wsinAe,.
Put it all together:
m¥, = F, + 2mor, sin A,

m¥, = F, - 2mw (L, sin A + £, cos &),

mr, = F, - mg,,, + 2mwr, cos A .

Consider:

.’ 2
. small
N i 7 oscillations
i only
1/
T, ! -r
F, =--2T F =-2m, F3=( 3)T.
4 0 l
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Neglect I, and % = 0.34 eq" above becomes

= T = mg,_, - 2mwr, cos A .
—_—
small but = 0

(not a constant)

Substitute this value of T above:

. -r, . .
mr, = 7 |:2mu)r2 cos )»] + 2mwr, sin A,
small
-T,

mr, = [Zmoor cos 7»] - me[r sin A + r, cos )»]

1 T

small small

nt to do”?

Vowo Tauexs | Resant Tovces | Macx Toucks I'IIulnIllm I Fumﬂumlmﬁu.-ﬂr I Wowro Pesm | Vowo Aero | Wowo IT
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Set o? = Fets . Then

/
.o 2 . .
I, + o°r, = 2wr, sin A,
¥, + o’r, = 20, sin A .

There is a dynamic coupling between the motions. Can solve both at once using complex numbers:

(£, + i%) + o’ (r, + i) = 20 (%, - if)sin ),

-20i (f, + it,)sin A,
or

g+ a’qg = —2wigsinA.

where g = r; + ir,. This is solved by assuming
q=Aae",

where A, A are to be determined. Substitute above:

= A + 2iohsin A + o = 0,

- \ = [—Zioo sin A = V-40? sin® A — 4a2] ,

N |-

A= —iosin A = ivo?sin® A + of .
But ® sin® A << o° (= %) for the Earth, so
A= -iwsin A * ia.

General solution: (A,B real)

g(t) = {Aeio.t + Be—icxt} e-imtsinx .
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A,B are fixed by initial conditions. Write it out:
A(cosat + isinoat) + B(cosat - isinoat)= C, cosat + iC, sin at,
Let C,=A+B,C,=A-B,

= q(t) =

C, cos at + iC, sin at) e r=in?

There are 2 parts to the motion with different frequencies since © << o. Let’s say e™*"* = 1.

Then, since

r, = Req(t), r, = Imq(t)
= C, cosat = C, cosat
5,5 _,
2 2
Cl CZ

Eq" of an ellipse. However, we made r, and r, coordinates in the complex plane. The factor @ % *

is just a rotation in the complex plane:

Re" = R(cos ¢ + isin ¢)

‘ ¢ a counter - clockwise

R rotation

The real and imaginary parts of the complex number g(t) are just the rj,r, components of the
real motion. Therefore, a rotation in the complex plane is also describing a rotation of the vector

—iwt sin A

r =1 & + 1, &, in real space. Because of the minus sign in e , this is a clockwise
rotation in coordinate space. (It would be counter-clockwise in the Southern hemisphere.) Time

it takes to complete a rotation:

. 2
2n = oTsinh = T = fﬂ:,
w sin A
2 1
NN T = ——days.
1 day sin A
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Goes around once a day at 1 = 90° (N or S poles) and does not precess at all at the equator (1 = 0°).

Actual motion looks like:

clockwise
precession

%,

N hemisphere

Looks like the precession of the orbit of a planet under general relativity, but the forces here certainly

are not central. The “force” that makes it precess, in fact, is purely fictional.

EXPERIENCE THE PO\
FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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10.7 PROBLEMS

1. (a) I showed in the notes that instantaneously
r'=r+R,
r'=r+R+0xr,
T'"=T+R+OXT+20XT+®X(®XI).
Find the relation between ¥' = a'and ¥ = a. (R = A); assume all derivatives of

® to be zero.) Ans:

a'=a+A+20xa+3DX(@XTL)+®x (DX (@D xT)).

(b)  Continue this process and find the relation between a'and a.

2. Show that the angular deviation € of a plumb line from the true vertical at a point on the

Earth’s surface at a latitude A is

r,w’ sin A cos A
14

2 2
g - r,o° cos” A
where r_ is the Earth’s radius and g is acceleration due to gravity.

3. By balancing centrifical “force” and gravitational force, find the orbital velocity of an object

in a circular orbit just above the Moon’s surface.

R, =174x10%cm, M =7.35x10% gm,

moon moon
2
dyne xcm
2

gm

G =6.67 x 10% cm )

ll\ Newton’s gravitational constant

4, At latitude, A = 31.5°, how many hours does it take for the plane of a Focault pendulum

to complete a revolution?
p
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11 RIGID BODY MOTION

11.1 CONCEPT OF A RIGID BODY

Attention up to now has been focused on individual point particles or collections of point particles

for the most part. Not very realistic.

Consider the example:

e, into page

“ [

Now have to deal with the disk, not as a collection of individual particles, but as a whole, i.e., a

rigid body. For the disk,

separated into rotational and translational parts. First, let’s understand this result for kinetic energy

and then derive the form for “I”.
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11.2 INSTANTANEOUS KINETIC ENERGY IN BODY FRAME

Picture:

2
ubodyn

(axes instantaneously

coincident in
27 direction, like last

“fixed"” chapter)

The r axes are considered fixed to the body.

This e-book Y o N
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Connection from last Chapter:

r'=r +R+w®xr. (111)
measured components measured
in ““fixed’’ in body frame
frame

We are going to be describing the motion from the body frame. (Why not just describe it from
the “fixed” axes? Wait a sec.) Clearly, we have

T =0, (f -0,T = o,...) (11.2)

since we are keeping every point in the body fixed relative to body axis. In order to be able to deal
with the motion of rigid bodies it is crucial that both the kinetic and potential energies separate
into center of mass and relative motion pieces. We have already seen this is true for a collection
of point particles or planets interacting via forces derived from potentials. Relative to the fixed

frame we have

_ 1 .

R = M 2 MLy v (usually use T, for fixed frame) (11.3)
1 kg

T- E mr, , (11.4)

Using Eq.(11.1), we have

1 - = 1 _ ~\2
T - MR +R-Ema(mxra)+52ma(mxra).

But if we choose the origin of the body system to be at the center of mass, we have

2 M,
o

1 - 1
—~ T = > MR® + > E ma(oo X ra) - (separated) (11.5)

0,
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Actually, there is another possibility for describing rigid body motion: if R = 0 for some point
other than the center of mass. This means the origins of the fixed and body systems are not in
relative motion. We can then, with no loss in generality, assume the two origins coincide. It is
important to realize what R = 0 means. Since the T axes are fixed in the body, this is a requirement
that at least one point associated with the body is not moving in some inertial frame. And, if we
want this description to be valid over finite time intervals, that point must not move (equivalent

to R = 0,R = 0,...). For example, one can describe in this case a top with one point fixed:

®

center of mass

— v
-V

Vs

v required origin
(assume fixed)

/7 7/ 7 7 7 S S LS S 7T

Can not describe a situation where the tip of the top is moved around arbitrarily, however.

11.3 ANGULAR MOMENTUM AND THE INERTIA TENSOR

Axes situation for an arbitrary spinning object:

3,3 w
A
— : 27,2
origin of I, I’
(center of mass)
< instantaneous axis of rotation.
1,1
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Point: instantaneous axis of rotation passes through the center of mass if there is no external torque.
An instantaneous axis of rotation always exists for a rigid body. Sometimes given, sometimes it
must be deduced. We will learn later that even if I, = 0, this does not imply @ = 0o for a rigid

body in general.
We know that
¥, =& xt,. (11.6)
The angular momentum associated with this mass element is
L, =L, xp, = mTI xf’(;=ma[r x((Y)xfa)]. (11.7)

Sum on a and use a vector identity,

L = E L, = E m, [er) - (J?'Ot . (I)) ‘a] . (11.8)

a

Free eBook on

Learning & Development
By the Chief Learning Officer of McKinsey

Frof. Dr. Nick HM. van Barm

21st Century Corporate
Learning & Development

Trends and Best Fractices

Download free eBooks at bookboon.com Click on the ad to read more

139



http://s.bookboon.com/Download_Free

Write this out explicily in terms of components. Useful notation (using “x” instead of “t” from
now on in this chapter):

X%ié— component label

particle label

Then
2
L; = Emu wizxak _Xuizxajo‘)j ’
a k
2
- 2m Y |00y Y%
o j

2
j a

(11.9)

Define (“Inertia tensor’; more on this later)

a

_ 2
Iij = E m, 6ij E Xk — Xos Xaj
k

(11.10)
Then, in component notation (notice Iij =1),
L; = E L 05, (11.11)
]
or in matrix notation,
L = I w < column matrix (11.12)
T
column 3X3 square matrix
matrix
Terminology:
I .

<« . -
.+ “moments of inertia

L, (i#)): “products of inertia”
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Because Iij for i # j is nonzero in general, can now understand the above comment that L = 0 does
not in general imply. Of course, in the usual case that one considers the object to be a continuous

distribution of mass rather than a collection of discrete elements, one has

Ema —>de p(r) , so that
T v

(volume element)

a

I, = fdvp(f) dy; Exi - xixj]. (11.13)
v k

Do a cylinder as an example: (density = p = constant. I usually use p, z, ¢ as the cylindrical

coordinates, but because p is being used as density, I will use the set r, z, ¢ instead.)

I, = f rdrddz p (x2 + v+ zz) - ar

dv in 2
cylindrical X+y’=r
coord.

m
nR*t

14

1
= I, = ZR“Zntp. But p =
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What about around other axes?

I, = pfrdrdq)dz[(x2 +y: + zz)—xz],

(x =rcos¢, y =rsin¢)

© o

I, = pf dr d¢ dz [r3 sin® ¢ + rzz] ,

2n

4

@) . Loef0 1,
= pt|[drdpr’ ¢ = pt =R - = 2
p f rd¢ r’ sin” ¢ P 2 (2 4s:.n q))

0

T 4
= —ptR".
4p
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%
@ = 27|:pfdrdzrz2 = 2np%szt;dzzz,
/2

3p2

TT
= — pt’R
12"

T T
= I, = ®+ @ = —tR4+—R2t3)
11 9(4 12

Similarly for I,. In addition, one can see that the L, i # j, vanish by symmetry. Example:

I,=-[dvp(E) =xy =0.

rZsin ¢ cos ¢

So, in this case we have

L =1,ne, +I,0e +I,0ne,.

Since [ =L, can see that L and o are pointed in different directions. Axes for which the Iij’ i=j,

vanish are special and are called principal axes. We will find out how to identify them in a little bit.

11.4 TRANSFORMATION PROPERTIES OF THE INERTIA TENSOR

It is now clear why we are describing motion from the body axes. It is clear that the I, take on
different values for different orientations of our axes. This is why in general we do not try to describe
the motion from the fixed frame. As the body moves, the I, would become functions of time.
(Sometimes it is convenient to describe motion in the fixed frame, however, if the Iij are constant

there. This is the case for a disk rolling down an inclined plane, say.)

Can relate the kinetic energy of rotation to Iij. We had
1 _ N2
Trot = Ezma (U‘) X r(x) 4
o

= Lo - 5 Im [0 - (@ 5.
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or

We have

In a rotated coordinate system:
T 1 I
1S 00,
i3

T is a scalar, O, are vectors under rotations:
T=T

W, = M0, (actually, is w, a pseudovector:
14

o, = (det }")E ka.w'/: )
/

so then

H
1
N

EI A, 0,0, = T'.

IR LAY AT
i,j
k, !

Download free eBooks at bookboon.com

(11.14)



MODERN INTRODUCTORY MECHANICS PART Il RIGID BODY MOTION

. . 1 R
In order for this equation to reproduce T' = = E I,,0,0,, we must have that
247
I, = E I;5hikhs0, a tensor.
i’j
Can write this as a matrix equation also:

L, = E }\‘EiIij)\'jf r
i3

or

I' = A" IA (A, I are 3x3 matrices)

Remember that A" = A%, so this relation may be used to get I in terms of I™:

x(xm) AT = AT'AT,

360°
thinking

Deloitte

Discover the truth at www.deloitte.ca/careers © Deloitte & Touche LLP and affliated entities.
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or (matrix notation)

I =AM (“similarity transformation”) (11.15)
or (index notation)
I, = E xkiI‘ij}\‘;‘/ = E Ilij%‘ki}\‘/,j . (11.16)
i3 ij

11.5 PRINCIPAL AXES

How do we find the axes for which Iij, i # j, vanish, and do such axes a/ways exist?
Let us assume that I, is diagonal:
Iij = Iiaij . (nO sum on 1)

As a matrix:

We have (switching the meaning of primed, unprimed quantities relative to (11.16))
Ilj_j = E Xik)\‘jﬂlkk .
P

The left hand side, which is diagonal, may be written as §, T, where I, are the principal values

of the inertia tensor. Multiply both sides by A. and sum on i:

E Iviéij)\’im =E (E )\’im)\’ikJ }\'34 Ik({ ’
i k, 0

= I‘J.)\.jm = Exj(flm(i . (no j sum)
‘
Can write /hs as

Ty = ) AT, -
¢
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Can now group these terms together as

Y (T = Iy85 )2y = 0. (11.17)

L

Free indices: j,m. This represents a set of 9 equations in 9 unknowns. That is, given a set of I
around some given axes, we have derived a set of equations that set conditions on the A, necessary
to find principal axes. For these to have a nontrivial solution, we must have the determinant of
the coefficients of the Aj, vanish, for each j value (which is a free index). In matrix notation (the

<« . »
secular equation”):

T,, - I') I
det I21 (I22 -T ) I23 =0,
I31 I32 (I33 -T )

or

det (I - 1I') = 0.

0

unit matrix:

o O
o - O
= O O

This gives a cubic equation in I’. The 3 roots of this equation then give the values of the 3

principal moments of inertia:

I, 0 0
I'=|0 I, 0 |.
0 0 I,

This is a completely general procedure and can be done for any given origin. This procedure gives

the moments, but what axes are being referred to?

There is another way of viewing this procedure. General experession for L:

L, = ]Eliju)j ,
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or
L = Io. (matrix language)
What we are requiring above is equivalent to solving the equation

Io = 'ow. (®: column matrix) (11.18)

T 1

3x3 matrix number (“eigenvalue”
g

(either T, T,, T, from above)
Called eigenvalue problem. ®’s which satisfly the above are called eigenvectors. General form:

number (“eigenvalue”)

|
x = A' x.

A
T 1 1

square matrix column matrix (‘‘eigenvector’’)
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Values of moments of inertia about principal axes correspond to eigenvalues. Directions of principal
axes correspond to eigenvectors. (One sees the same mathematics, called linear algebra, in many

other places in physics, including quantum mechanics.)
Written in matrix language, the above is
I-1D)o =0,

or in explicit component language (also follows from Eq.(11.17) by multiplying both sides by (D'j ,

summing on j, and using @, = E w; Ay, )y
!

D (1, - T8;) o) = 0. (11.19)

3

Explicitly, 3 equations:

(I, - T)w, + I,0, + I, =0,
L0, + (Izz - I,) w, + I;0, = 0, (11.20)
Lo, + I,w, + (I,; - T)w, = 0.

Again, the condition that there be a solution says det(I — I'1) = 0, as before. Get something new
this way: the priciple axis eigenvectors. These are the linear combinations of 0, 0, o, which are
associated with each eigenvalue, Ii/ », - How do we find the eigenvectors? After we have determined
the values of the eigenvalues, T 1 », » we substitute one of the values back into the 3 above equations
and solve for the ratio of values of  : ®,: ®,. Why do we only get the ratio of values of o, If

wi solves (i = 1,2,3; these are eigenvector labels, not vector components)

then ®* = cw’, c arbitrary, also solves it. Thus, the normalization of the ®' column vector
is undetermined. This makes physical sense since we would not expect the magnitude of ®;
(corresponding to the rate of rotation) to be determined, but simply it’s direction (given by the

ratio of components).
Notice that if @, is given by (vector notation)

— i

ia ia ia
o' = we, + we, + wie,, (11.21)
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we can build a unit vector out of it by dividing by ‘(I)i

6 2 O O Mg, O

S o : €2 P Ssr 11.22
o ‘u)l ot ot ot ( )
o' = \/wliz + 0+ 0. (11.23)

We then recognize these components as the direction cosines studied in Chapter 1:

’
'I______ b o ——

w5
cosy = —
)
i
o
cosp = —2 ¢ =>cos’ o + cos’P + cos’y = 1.
)
w,
cosa = —1
o

. . . Al
So, if we know the @] : ®; : ; ratio for some eigenvalue I , we can always find the direction

of the corresponding principal axis. This represents a unique axis of rotation since the choice of

origin fixes a point through which this vector points.
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There is another important property of the eigenvectors, ®'. Consider a situation where one has

distinct (unequal) eigenvalues, T, = I.. Then (matrix notation)

Io' = Lo, Io’ = Lo,

= 0’Io = Loo ,olIn’ = Loow .

™1

row matrix column matrix

But

0’In' = Ew?lijw; = Eool.I..uf = 0'In?,
i3

o™
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SO

Thus, eigenvectors of distinct eigenvalues are orthogonal. (point in L directions). If a double root of
the secular equation occurs so that Ii = I; , then nothing can be said about the relative directions
of @ and ®?, other than that both are 1 to ®°. However, there is no loss in generality if we
choose ®' - ®> = 0. One can prove that the principal axes can always be chosen to constitute
an orthogonal set. Thus, for example we may always choose the eigenvalue orthogonalization/
normalization condition, ®* + &’ = d,-
It is conceivable that the Ii,2, 5 could be complex since they correspond to the solution of a cubic

equation. A slight variant of the above argument shows that the I, , . are in fact always real.

11.6 PARALLEL AXIS THEOREM

Lets locate the CM of a body and calculate the inertia tensor about it and another set of axes

parallel to the CM ones.
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On one hand, we have

(L)i E i‘ E G) f“))i !

a a

for the 1,2,3 axes. We already showed this may be written as

EJlJ jr

where J iy is the inertia tensor for the 1,2, 3 axes. Similarly, for the 1, 2, 3 axes we have

Emu(fax( xf‘) EIlj 51

a

which defines the CM inertia tensor L. Question: How are I, and J; related to one another? The

connection is given once one recognizes that

Then

@ = EI..(D. (Ii;5: CM inertia tensor)
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or (in index notation)

(@)i = M E [Bija2 - aiaj]oo

J

i

Also

Therefore, we have

E Jiw; = M E [Bijaz - aiaj]wj + E L5005 . (11.24)
3

3
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The coefficient of ®j on both sides of this equation must be the same:

inertia tensor
for a point
mass at CM

1] 1]

= J,. =I.+M [6ija2 - aiaj] “Parallel Axis Theorem” (11.25)

As an example, consider again a cylinder of radius R, but rotated from a point on it’s edge rather

than in the center as before.

w®

axis of rotation
(3 axis)

We know from before that L.=75 MR?. Since the vector @, pointing from the 3 axis to the old

(3) axis has no components along this direction, we have J, = > MR2,

11.7 EULER ANGLES

We have written K.E. and angular momentum as

1

T -3 Yol , L = Yo,
1] J

under the conditions that the body is rigid and that the origin of the body system is either at the

center of mass or at a point for which R = 0. The analogous results for linear motion are of course

1 .2 .
T = EEMri, P, = Mf,.
T
There is a major difference in handling the two cases: When the I, are integrated, we get linear
coordinates that tell us, at each instant in time, the location of the particle or body. The i,
however, when integrated are not quantities which give us the orientation of a rigid body in space.
In order to describe the orientation, 3 angular quantities will be needed just as 3 linear quantities
are needed to locate a body’s origin. Many different choices or schemes are possible. A conventional

and convenient choice are the “Euler angles”.
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First, [ will simply describe the situation. (Better pictures are available in other books.) Final situation:

3 1

“line of nodes”

1'
< “line of nodes”

plane of 1, 2’

axes

0, v, ¢ are the Euler angles. (As shown, all are positive.) They represent a choice of generalized

coordinates useful in defining the Lagrangian for a moving rigid body.
General relation relating rotated coordinates:
X = AX. (matrix notation) (11.26)

Represents a passive rotation. First, rotate positively (counterclockwise as viewed from above the

1,2’ plane) through an angle 0 about x3

x" = A, (11.27)
where
co so
A, =| -8 cp O (11.28)
0 0 1

Special notation:

cp =cos ¢,sd = sin¢. (11.29)
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Now rotate (counterclockwise) by 0 about X :

x/" = )\,ex” ,
1 0 0
Ay = 0 cO sO
0 -s6 co

T

Next, rotate (counterclockwise) by { about x5 :

X = }\'wxm ,
cy sy O
A, =| -sy cy O
0 0 1

Put it all together:

x = hy (e (M%) = (MAh,) X
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Call A = A AGh,. Explicitly,
(cyco-cOsdsy) (cysd+cOchsy) (sysh)

A o= |(-sycd-cOsdcy) (-sysd+cOehey) (cysh)|.
(sBs¢) (-sbco) co

We may now think of the angular velocities Y, 8, ¢ as describing the instantaneous state of rotation
of the body. [Directions come from infinitsmal rotations of W, 0, or ¢ and the right hand

rule.] We would like to find the relationship between these quantities and the ® O represents

1,2,3° (
of course the instantaneous angular velocity projected on the body axes.)

First of all, it’s obvious that
P o= pe,. (11.35)
What about 8 and 9 ? I¢s also clear from the picture that (8 is in the 1,2 planc)

0 = Ocosyé, - Osinyé, (11.36)

Let’s now find the components of 8 using the Euler matrix. All we have to do is:

0

X = AX' where x =0
¢

It is easy to verify that
¢ sinysin O
X =| pcosysin® |,
¢ cos 0
=>(T)=(j)sinlpsinﬂél+(i)coswsin6é2+(i)cosﬂé3. (11.37)
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Adding it up gives
W = fp+$+§,
= O = ((i)sinq)sinﬁ+6cosw,(i)cos1psin9

-0 sin g, { + ¢ cos 0) (11.38)

or

, ¢ sinBsiny + H cos v,

, $sin 6 cos ¢y — Bsin vy,

o, = | + ¢ cos 0.

11.9 EULER’'S EQUATIONS OF MOTION

We are going to study the motions of rigid bodies using 2 methods. One, we already know, is the
Lagrangian method. This is the reason Euler angles have been introduced. The Lagrangian approach

is clear. The kinetic energy is
1
T =2 E oI, .
1,]

We now express @ . in terms of the Euler angles 6, v, ¢ and their derivatives and use the

123
Euler-Lagrange equations of motion,

9L _d (9] _,
dq, dt (oq, ’
where d;i c (er v, d))

There is another approach possible which works directly with the ® , ,. Remember:

(@) _ (@) + 5 x0
dt fixed dt rotating
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Take our fixed and rotating axes origins at the CM of the particle and instantaneously coincident

in direction. Let 0 — L,

(di.) (di.) L
—| =|—] + 0 xL.
dt /. dt /.

But

(ﬁ) =N and (f.)i = EIijooj '
£

and also

dL, d
( at )r = 2 at (Iij‘”j) .

But since we recognize that the body axes are attached to the body
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then

EI 0 + E €5 05 (T, ) - (11.39)

.k, 0

If we now pick our body axes along the principal axes, then I (i = 3j) =0, and

Egijkmjk K Esl]k 50 I .

3ok, 1,35,

Written out explicitly, we have (“Euler’s equations”)

N, = Lo, + 0,0, (I, - I,),
N, = Ld, + o0, (I, - I,), (11.40)

N, = Lo, + w0, (I, - I,).

They are completely equivalent to the Lagrangian equations but in general have a different form
when @, are expressed in terms of O, 'y, ¢. They are coupled first order differential equations.
One strategy: solve for  , ,(t) and then invert the above relationships between ® , . and 0, vy, ¢

and their derivatives to solve for 0(¢), w(v), ¢ (0.

11.9 SYMMETRICAL TOP - EULER SOLUTION

Let’s try carrying out this procedure for torque-free motion (N = 0)forabodywithl, = I, = I

(a “symmetrical top”). I,

"

N

- symmetry axis
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With no loss in generality, take @, > 0. We can realize such a situation in an orbiting space craft

or a falling elevator, say.

Of course, if @ is initially pointed along a principal axis (along 3 or anywhere in the 1,2 plane),

then the motion is trivial. Then we simply have,

0 = Lo, or 0 = I,w,,

= 3= constant or ®;,, = constant.

In the general case, we have to solve:

I
o
-

Ilz(bl + W0, (Is - I12)

I
o
-

IlZd‘)Z + W50, (Ilz - I3)

I, = 0.

Notice immediately that @, = const. in the general case also. We may now write the other two

equations as

w, + Qw, =0,

I, - I
Q = (M) o, . (11.41)

0 0

(either positive positive constant
or negative)

Then we have

0, + 0,Q = 0, + 0,Q = 0. (11.42)

Solution:

w,(t) = A cos (Qt + a).
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Since
1 .
W, = ——0
2 17
Q

= ®, = Asin (Qt + a).

(A, o = constants; can take o0 =0 with no loss in generality.) We recognize these as the parametric

representation of a circle since A* = . + 2. Describes (note that |(73| =constant.):
Q<0 Q>0
A EES f¢§)<13>112>
~— “ ~— LT)\
N ({3 :
|0,
2 o, . : 2
\ I/,

1,2,3 are Body
axes

prolate oblate
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L, o, €5 are all in the same plane:

S«
[

SO

or

B>a

a a

Case 1l: prolate Case 2: oblate

L is a constant in magnitude and direction in the above diagrams. We have

- a
L'y & (60-o0e
tanf = a - = | —22=,
L, L, |03 - 0,8,
2 2
_ I,w] + I,,w, 1 ,
I3(D3 \/(Df + (1)2
2 2
I w; + o
= tan P = E lw . (11.43)
3 3
Clearly B is a constant in time. Also
al o’ + o
tanogg = — = L — < (1144)
(03 (D?:
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is also a constant. They are related by

tanf
tan a

I
I3
Therefore:

If I3<Ip(Q<0)=8>a, (Case 1: prolate)

If I3 >I,(Q>0=a>8p, (Case 2: oblate)

Motion is summed up in the following pictures:

- A -
o L, o, %, in

same plane

Body cone
(rolls w/o slipping)

fixed cone

®

i’ 2 (I) 4 X3 in
same plane

Body cone

Case 2: Q@ >0, a >f
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MODERN INTRODUCTORY MECHANICS PART Il RIGID BODY MOTION

Notice: ® rotates clockwise w.r.t. 1,2 (body) axes in Case 1, whereas it rotates counterclockwise
w.r.t. 1,2 axes in Case 2. Also notice if I,, = I,, L and ® point in the same direction and

there is no precession. (The case for origin at CM of a sphere or cube.)

Now complete the discussion by getting 6(t), y(t), ¢(t) from o, ,(t). Remember:

1,2,3

= ¢sinBsiny + O cos v,
= ¢sinBcosy - O sin vy,
=1 + ¢ cos 6.

or, inverting,

o, siny + w, cos Y

¢ = : : (11.46)
sin 0

0 = w, cosy - w, siny, (11.47)

P = w, — cot O (ml sin{y + w, cos w). (11.48)

Excellent Economics and Business programmes at:

m
university of - <A\ACSB
groningen s 2

“The perfect start
of a successful,
international career’

I

-, 4 CLICKHERE
Z i ﬁ ! to discover why both socially
and academically the University

of Groningen is one of the best

i laces for a student to be
www.rug.nl/feb/education P

Download free eBooks at bookboon.com Click on the ad to read more
166



http://www.rug.nl/feb/bookboon?utm_source=AdBookboon&utm_medium=Bookboon&utm_campaign=130215Bookboon

If we take X3 along L, then we identify
0 = B.(b = const.)

Therefore § = 0 and (from (11.47))

0 = w,cosy - w, siny,

= 0 = Acos (Qt)cosy - A sin(Qt)sinvy,

or

0 = Acos (Qt + V).

If A = 0, then we may choose (y(t) gives rotation angle w.r .t . line of nodes)

p(t) = -Qt + %

without loss in generality. And, from (11.46),

b = .A (cos(Qt) sin ¢y + sin(Qt) cos y),
sin 0

= ¢ = A sin(Qt+1p(t))= _A ,
0 -

sin sin 6
Y
(choice)

tr¢ (0-p)

= ¢(t) =

sin p

Eq.(11.48) is now satisfied also since

?
-Q=w, - cote(
sin

sin 6),

T.w
cotO =cotff = ——223—,
1,02 + )

2

I ? I
(11.41) = —(—3—1)w3=w3 a9
I,\J0} + o]

12

= A = o+ .V
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Thus, the time dependence of the Euler angles is given by

0 =ﬁ,w(t>=-9t+§,¢(t>= VO @

sin f

¢ (t) may also be written as:

sin a

" e - p)

Qt,

where a, B are defined above. Thus, sin o Q is the precession rate of the line of nodes.

sin (oc - ﬁ)
11.10SYMMETRICAL TOP - LAGRANGIAN SOLUTION

We have used Euler’s equations to first get @, ,(t), then use these to get 8(c), w(t), ¢(t). Other
way of proceeding: Lagragian using 6, y, ¢ from the start. Now do the same problem (force

free symmetrical top) from the Lagrangian point of view. We have
1
T = Ezmi I0;.
i3

Again, pick principal axes with symmetry axis of body along x.:

1
2 2 2
T=-1, ((1)1 + wz) + EI3w3.

N |-

But now use earlier expressions for @, , in terms of 0, ¢, Y
T = %[Iiz (92 + ¢’ sin’ 6) + I, (11) + ¢ cos 6)2] . (11.52)

The Lagrangian equations are (L =T here):

9T _ i(f’_T) ~ 0

90 dt \9o ' (11.53)
oT _ i(a_T) -0, (11.54)
a0 dt \a¢

9T _ 4 (9T) _

ap  dt ’ (11.55)
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We have

aT :

£=1126’

OT CL . .
] % = I,psin 6+I3(1p+¢cos6)cos6,
aT . :

£=I3(1p+¢cose),

[ oT - L _
0 = I,0"sinbcosHO - I3¢(1p + ¢ cos 6)s1n6
| oz _ oz _

0 oy

Putting the pieces together gives us the Lagrangian equations of motion:

(11.53) = I,,0 - I,,4° sinBcos O + I (11) + ¢ cos 6) sin 6 = 0, (11.56)
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(11.54) = i[luq‘) sin® 0 + I3(1b + ¢ cos 6)cos 6] =0,

(11.55) = %[13(14} + hcos )] = 0.

Euler’s equations can be recovered from these. For example, substitute in (11.58):
Y = o, - cot 8(w, siny + w, cos ),

. 1
¢ = — (wlsinw + o, cosw),
sin 0

= ip+(i)cosﬂ = w; — cot b (w, siny + w, cos P

-0, sin{y - w, cos V) .

Thus, Eq.(11.58) just says

(11.57)

(11.58)

which is one of the Euler equations above. Likewise, (11.56) and (11.57) above are equivalent to

the other two Euler equations (after some manipulations).

Can also apply the Lagrangian approach in describing the symmetrical top with one point fixed:

3[

~— line of nodes
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Same T as above, except now L =T — U, where U = mgh cos 0. From the previous results, one

can show that the total energy, E = T + U, can be written as
l 2 1 by 2
E = Py I303 + EIlze + Ugss (0) 4 (11.59)
where the effective potential, U_(0), is given by,

(Py — Py COS 0)
2I,, sin” 0

Ugps(0) = + mgh cos 0, (11.60)

where (11.57), (11.58) give rise to the conserved conjugate momentums,

oL

Py = 55 = I12<i) sin® 0 + 13(1]) + ¢ cos 6) cos 6, (11.61)
oL . .
Py = @ = I3(1p + ¢ cos 6). (11.62)

The minimum of this effective potential gives the angle of inclination at which the top precesses

steadily.
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11.11 PROBLEMS

1.
_____ 3 metal bar
: origin ‘
v s »
o 2
......... >
1
A thin solid metal bar (p = const.) of mass m and length [ is rotated uniformly about one
end at an angular velocity, w, directed along the 3 axis.
a) Compute the kinetic energy.
b) The origin in (a) is given a velocity, ¥, along the 2 axis. Now compute the kinetic
energy. (Be careful!)

2. (a) Given that the potential energy of a small mass m, is given by v, = gm,x,, where
Xa is the height of ma, show that the total potential energy of an arbitrary object in the
gravitational field is given by V = gMX, where X is x-coordinate center of mass coordinate,
X = (Rgy),, and M is the total mass.

(b) Show that the total torque on the object, N, is given by
N =R, xF,
where R, locates the center of mass and F is the total force.
3. (a) A thin uniform rod of length b and mass m stands vertically upright on a rough floor

and then tips over. What is the rod’s angular velocity just before it hits the floor?

(b) Repeat for a rod initially standing upright on a smooth floor (no friction). Find the
final angular velocity about the CM just before striking the floor.

(c) You should have gotten the same angular velocity for both (a) and (b) parts. Why?
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A solid disk (p = const., radius = R, mass = M) rolls without slipping on the ground at a

constant rate, ® = 0 = const. Compute it’s kinetic energy two ways.

b

s A

a) By using Eq.(11.5) of the text.
b) By using the fact that the point of contact between the disk and ground acts as the
instantaneous axis of rotation. (You will have to use the parallel axis theorem to do this part.)

Do you get the same answers for (a) & (b)?

A pendulum consists of two point masses, m and m,, attached to a completely rigid,

massless bar of length €. m_ is attached halfway down the bar, m, is at the end.
VA4

AN

pivot point

a) Find the bar’s moment of inertia about the pivot point.

b) Assuming small oscillations, find the bar’s period of motion.
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A pendulum consists of a thin bar of mass m and length € attached to a pivot point as

shown. It swings in a plane.

S/ s S Sy

AN

¢

pivot point

a) Find the bar’s moment of inertia about the pivot point.
b) Assuming small oscillations, find the bar’s period of motion. Does it swing faster or

slower than a pendulum of the same length with mass m concentrated at it’s end?

(a) A “physical pendulum” consists of an arbitrary object of mass M whose moment of
inertia about the pivot point is I. (Motion still confined to a plane.) Given that R is the

distance from the center of mass of the object to the pivot point, show that this pendulum
I

MR

has the same small oscillation period as a simple pendulum of length L

(b) Find the length of simple pendulums with the same period as problems 11.5 and 11.6.

The moment of inertia tensor, I, for some object has the form,

H
Il
o =2 X
o X =
K O o

where X, Y and M are some given real numbers (X, Y > 0 and |M| < X), find:

a) the three moments of inertia, I., i=1,2,3.

b) the angular rotation eigenvectors, ®", associated with the principle axes.
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9. (“Slamming door problem”) A door is constructed of a thin homogeneous slab of material;
it has a width w and a height €. You are given that the line of hinges bends inward 2°
with respect to the vertical, in the 3’2’ plane; see the figure. Assuming frictionless hinges,
what is the angular velocity of the door just before it closes if it starts from rest after being
opened 90°? [Hint: Find the Euler angles which transform from the body to the fixed axes

and conserve energy.]

v---v---v----v---vu---v---vv--vv--vv---v---ov--vv--vv--ovv--vv-cvv-cov-coAlcateluLUcent 0
www.alcatel-lucent.com/careers

2
.

One generation’s transformation is the next’s status quo.

In the near future, people may soon think it's strange that
devices ever had to be “plugged in.” To obtain that status, there
needs to be “The Shift".
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P

(measured in 1'l plane)

1.‘\ )
1 and 1' axes coincide when

line of nodes
door is open

10.  (a) Given principal axes for which the angular momentum vector may be written

L =Twe + Iwe, +Ine,,
where €, , ; are body frame unit vectors, show that the components of L along the
8, ¢ and v directions are

(I,=I,=1,, # I;case)

L,=I,, 0,

L, o
I,, ¢ sin“9+ I; (Y + ¢pcos)coso,

L, = I3 (}+¢cos)o

(b)  Alternatively, given components of @ alongthe § , ¢ and v directionsas o,, o,, and o,
respectively, show that one may write
Ly = 1o gy
L, = I; (0w,~w,cos0) + I3 w,coso,
L,
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11.  Egs.(11.56) and (11.57) are supposedly equivalent to the Euler equations:

I,, o, + (I;, - I3) o30; = 0. (2)

By using the expression for @, . in terms of Euler angles, show that Eqs.(11.56) and

1,2,3

(11.57) may be recovered from the above. [Hint: Consider (1) cos y — (2) sin y and (1)
sin y + (2) cos y.]

12. Show the expression for the effective potential for the symmetrical top, Eq.(11.60),

(Py — Py COs 0)?
2I,, sin” 0

Ugse(0) = + mgh cos 0,

follows from the expression for the total energy (T in Eq.(11.52) and U = mgh cos6) and
the definitions of the cyclic momentums, Py and Py  given in (11.61), (11.62).

13. A solid sphere (p = const.) is made into a fixed point top by supporting it on a point as

shown. Gravity is acting downward.

Find the minimum angular frequency, o, such that the sphere is stable in a vertical

position. (Use the result of #12 above.)

14. Consider a thin rod for which I3 = 0, making the Euler angle v irrelevant. Show that the

effective potential for this system has a minimum at an angle 0 given by

mg
I¢’

cos 0, = -
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Other Problems

15.  Given that the 1°,2’,3" axes are principal axes with moments of inertia I,,, I,,, L.,
respectively, find the moment of inertia along the new 3 direction, I, in the Euler angle
diagram, p.11.20 of the text (angles are 0, y and ¢), using the transformation law of the
L under rotations.

16. Show that the ratio of the magnitude of the instantaneous angular velocity, |®

, to the
precession rate, €, for a symmetrical top undergoing torque-free motion, is given by

o _sinp
Q sin(a - B) !
where a is the angle of the vector ® with respect to the 3 (body) axis and B is the angle

of the instantaneous angular momentum, L, with respect to the same axis.

17. A “spherical pendulum” is a simple pendulum that is unconstrained in it’s angular motion;
it can move freely about it’s pivot point. Consider a spherical pendulum of length L acted
on by gravity with a mass M attached to it’s end. The mass of the attachment of length L
is negligible.

/

Leadiny
% Maastricht University s Learniny’

Join the best at
P 5. N - 33" place Financial Times worldwide ranking: MSc
the Maastricht University International Business

+ 1% place: MSc International Business

M + 1% place: MSc Financial Economics
SChOOI Of Bus' ness a nd . 2" place: MSc Management of Learning
. - 2" place: MSc Economics
Econom |CS! - 2" place: MSc Econometrics and Operations Research
- 2" place:MSc Global Supply Chain Management and
Change

Sources: Keuzegids Master ranking 2013; Elsevier ‘Beste Studies’ ranking 2012;
Financial Times Global Masters in Management ranking 2012

Maastricht
University is
the best specialist
university in the
Netherlands
(Elsevier)

Master’s Open Day: 22 February 2014

www.mastersopenday.nl

Download free eBooks at bookboon.com

Click on the ad to read more

178



http://www.mastersopenday.nl

a) Derive the Euler-Lagrange equations for the pendulum in the spherical coordinates 0
(polar angle) and ¢ (azimuthal angle). Take 6=0 to represent the equilibrium position.
Show that the z-component of the angular momentum, /_, is conserved.

b) For uniform circular motion in f when 0 =const. # 0, show that the period of the

motion may be written as

L e 1/2
. (_) .
g

¢) Consider general motions of the pendulum subject only to the condition that 6 << 7/2.
Defining the total energy of the system, E, relative to 6=0, show that the turning points

of the O motion are

2 2
E E r
gL MgL gM°L

18. A symmetric top (I, = [, =1 ) of mass m and constants of the motion py, and P precesses

steadily, ¢ = const. Let Py = Py = p. h is the distance from the CM to the fixed tip.

a) Find the angle, 0, at which the precession occurs.

b) Show the precession rate is

: mgh
b= [
I12

19. () A thin uniform rod of length b and mass m stands a/most vertically upright on a rough
floor and then tips over without it’s end slipping on the floor. The initial tipping angle is
0,<<1 with respect to the vertical. Find the amount of time, T, that the rod takes to fall

over and hit the floor.
(b) The same problem as in (a) but with a smooth, frictionless floor.

20. (a) Given a set of principal axes and all axes parallel to them for some object, show that

the sum of the moments of inertia is minimized when the origin is at the center of mass.

(b) An object has principal axes for which I, > I,, > I .. Characterize all the points which

are also principal axes for axes parallel to the original set.
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Extra: Using the concept of eigenvalue degeneracy (for moments of inertia) and the parallel
axis theorem, find a larger set of axes which are also principal axes for the object in (b),

but which are not parallel to the original set.

21. Consider the symmetric top (I11 = I, = I33) with one point fixed. We briefly
discussed how this system can be solved with a Lagrangian approach. However, now attempt
to write Euler’s equations for this system. Can it be done? Remember the components of
the equations refer to the body system. If these equations can be formulated, discuss the

manner in which they may be solved (but do not attempt it!). If not, tell me why not.

22.  Consider a solid cylinder of mass M, length t, and radius R of uniform density, p. Let the
1, 2 plane be located at the top of the cylinder. (This is a little different from the situation

in the text on p.11.5.)

3-axis oyt of

a) Find the elements of the inertia tensor with respect to the unprimed axes.

b) Find the elements of the inertia tensor with respect to the primed axes.
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12 COUPLED OSCILLATIONS

12.1 COUPLED DYNAMICAL EQUATIONS

COUPLED OSCILLATIONS

In a number of cases we have derived coupled linear differential equations. We have treated such
systems as special cases, but it is now time to develop some general techniques for handling them.
Mathematically, we will encounter here both the use of complex numbers (which were used
in the Focault pendulum discussion and various differential equation solutions) as well as the
eigenvalue-eigenvector matrix algebra of the last chapter. Examples of systems these techniques will
cover: conservative, linear mechanical or electrical oscillations, molecular vibrations, approximate
planetary motions, and many more. We will also use stability analysis and the concept of generalized
coordinates. I will first introduce the theory and then will work out a number of examples to

illustrate the general techniques.

Let us consider a system with generalized coordinates 95 (j = 1,..., n; n = no. of “degrees of

freedom”), related formally to the x4; by

axai — 0
at ) (12.1)

Xy = Xai(qj) =
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Usually, the q, we will consider will be measured from equilibrium positions or lengths. For example,

J LSS S S S

0,, = 0 in
equilibrium.

spring m,

Let us also only consider U = U (qj). This means we are limiting our discussion to conservative
systems forwhichH = T + U = const. in time. Another limitation of the following discussion
will be the assumption that the system is /inear. That is, we will only consider potentials that are
quadratic in the generalized coordinates, or are approximately quadratic. For small oscillations,

we have

0
U(qll q2IOoo’qn) = UO + E a(;] |0 qk
k k

1 0°U
+ = — | gq, + ...
2 ]Ek 99,94, |° P ’

=A_=A
xR (12.2)

(constants)

where higher order terms will be neglected. In addition, we will assume or require that (q,,, q,- .-

etc. are equilibrium q/s):
1. Up = U(d:1 = dior 92 = d20r+--) = 0.

= 0 for each k.

au |
. 2, 0
9%u

s |0 > 0, where Q is any linear combination of the generalized coordinates, q.
Q
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Condition 1 is no restriction in the applicability of the analysis since the absolute value of the
potential U is always arbitrary up to an overall constant. Conditions 2 & 3 above are just conditions
for stable equilibrium in a system with n degrees of freedom. Notice that condition 3 above (which
is a sufficient, rather than necessary, condition for stability) is equivalent to the requirement that

U(q) > 0 for quadratic potentials, given U = 0. We can show this as follows. Assume (i = 1,..., n)
Q= E X3 (12.3)

where the x are arbitrary constants. Then

’u 9 D du(q,) oq,
0Q* Q0 4 dgq; 99

14

0 " 30 2 oq, . (12.4)

Condition 3 now gives,

ERY 1
E a a |0 > 0 ° (12.5)
5 09:0d;  X; X

(The sum in (12.5) is only over the nonzero x, values.) Since the x are arbitrary (but nonzero)

constants, this is the same as
u(g;) > 0, (12.6)

- 1
where gq; = — (see Eq.(12.2)).
Xji

0x

ai

Because of our condition = 0, we know from Chapter 7 for a system of point particles,

for example, that we may write (the m, here were called a, there)

1 ..
T = = Y My dsdy /s (12.7)
2 3x
where
0xX . 0X .
My = m - = my . 12.8
J o a aqj aqk J ( )
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Note that in general m, = mjk(qi) (functions of the q)), unlike the Ajk above, which are just constants.
However, consistent with the restriction to quadratic terms in U, we will restrict ourselves to

quadratic terms in the 9. This means that we will expand

om.,
my, (qi) = mjk0+2 aqj Oqz"'"'l (12.9)
’ ’
neglect

and neglect everything except the first term, which is assumed non-zero. The reason is that terms
like ~ g,g,q, in the Euler-Lagrange equations produce nonlinear terms in the differential
equations. (Neglecting such nonzero terms give additional restrictions on what is meant by “small

oscillations”.) Notice also that, in general
oT 1 omg, . .
— =y —aq,
dq, 2 JEk aq, F

so that with (12.9) we have

oT

— =0.
aq,
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After these restrictions, the general form of our Lagrangian in generalized coordinates, q, is

real constants

Y Y

1 . 1
L=T-0 = E kmjk q]qk - E EkAjk q]qk . (1210)
4 J’

J

Equations of motion are given by

oL _d 9L

aqk dt aqk ° (1211)
We have

oU

— = Y Ajdj, (Rjx = Ag) (12.12)

0d ]

9T Yy m : (Mix = My)

N < jk 95 - ik kj (12.13)

= 3 (Aja; + myd) = 0. (12.14)

J

Although we have derived these equations in the context of particle oscillations, the small oscillations
of many realistic rigid body systems can be so characterized as long as the Lagrangian may be put
into the form of (12.10) above.

12.2 EIGENVALUE/EIGENVECTOR SOLUTION

We will use complex number analysis to simplify the solution of this sytem of equations. Under

conditions 1, 2, 3 above, we know that the solutions are oscillations. Therefore assume

- iot 1215
q(t) = a e ( )
complex (involves real frequency

two undetermined

constants)

where the real part of the right hand side is understood. Plugging this back above, we find

> (a5 - omy,)a; - o. (12.16)
J
[This is almost the same form as the equations which determine principal axes:

S (1, - 185) 0 = 0.1

3
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Again, the condition that there is a nontrivial solution for the a is that the determinant of the

matrix (Aij O mij) be zero:

A, -om, A,-omn,...
A, -om, A, -®mn,...
det . o =0. (12.17)
[ ] [
[ ] °
thisgivesan n*® order equationin @ therootsof whichwillbelabeledatw2, r = 1,2,...n.

These are called the eigenfrequencies or characteristic frequencies. In general, the above is more difficult

than solving the analogous equation for the principal moments of inertial since the ®? terms (the

analog of the priciple moments, I’) enter off-diagonal elements of the matrix also. However, one

is solving the same mathematical problem in either case.

Analogy:
Inertia tensor
eigenvalues: I;
(i =1,2,3)
(principle axes)
eigenvectors: ' (mi)

j = {1,2,3}
(vector components)

Coupled Equations

2
(Dr

(r =1,2,...,n)
(oscillatory modes)
& (al)

j=4{1,2,...,n}
(vector components)

Just as there are directions in physical space which render the inertia tensor diagonal, there are

. . . . . . . 2 . .
directions in mode space, associated with the eigen frequencies w, for which the motions uncouple.

We get the @" by the same procedure as in the last chapter: substitute a known in the algebraic

equations, and then solve for the ratios
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for a given eigenvalue, ooi . As before, the overall normalization of the @" (chosen real) are arbitrary.
This makes physical sense here also since this corresponds to the amplitude of the motion, which is
not determined by the equations of motion but by the initial condition. Since there are n a*’s, we

can require n condtions to arbitrarily normalize them. In the inertia tensor case, we required that
o -0 =1,1i=1,2,3.
Here, we require,

Emjka‘;a; =1, r=12...n (12.18)
Jk

(That this combination is always positive can be shown from the positivity of T, the kinetic energy.)
Also, we can prove that (just a generalization to an n-dimensional space of the similar proof in

Ch.11 for the inertia tensor)

Ymyajay =0, (r=s (12.19)
ik

(]
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2 2 . .
for 2 = w2, and that for degenerate roots (w, = ;) we may always choose this equation

to hold. The above two conditions can be written together as
r.s _
Ek My 858 = Opg - (12.20)
Js

2 ..
Also, we can show that the w are all real. In fact one can show, under conditions 1,2,3 above,

2 . .
that ; > 0.1 Without loss of generality, one may further choose w, > 0.

The general solution is now given by (real part still understood)
at) = Y B.ajel, (12.21)
r=1

where the a§ are now all determined (up to an overall sign) and [, are so called “scale factors”
which, in general, are complex. (We still have not built in the initial conditions, so we still need two
arbitwrary constants for a second order differential equation.) The . are the amplitudes associated
with the r* eigenmode as determined by the initial conditions. If only a single §, is nonzero',

B, =0, r =k, B, =0,

then only a single eigenmode of the system has been excited and the solution of the motion is

particularly simple.
qj(t) = Bk a;-‘ eimkt (no k sum)

Or, introducing the “normal coordinates”,

n, = B, e, (12.22)
we have

aj(t) = nyaf. (12.23)
In general,

a;(t) = %nka? . (12.24)

Download free eBooks at bookboon.com



Expressed in normal coordinates, one has (using the orthogonality condition, (12.20), as well as

(12.16))

T=%Zﬁ,U=%2@ﬁ,

L d ( JL

— - —|—=] =0,

on,_ dt \dn,

= n_+ o.n_ = 0. (12.25)

- . . . . th
This in turn shows that the energy associated with each normal mode is constant since for the r=

mode,

fdtflr x (A, + ©’n, = 0),
1 2 1 2_ 2
= E = constant = —n, + —w_.n;
2 2
=Tr + U . (12.26)

Final cookbook recipe for solving a system for small oscillations:

1. Write the Lagrangian, L, of the system in terms of generalized coordinates, qi, and find the

Ajk and mjk either by using the explicit formulas (a5 = - oL , Mg = ,62L,
99499y 0 995909y o
or by comparing to the form of the Lagrangian, Eq.(12.10).

2. Form the matrix (Ajk - u)zmjk) and find the n cigenvalues, w2.

3. Determine the ratios al : al : al :...: a’ and normalize the a; according
to Eq.(12.20).

4, Write the general solution for the q, as in Eq.(12.21). Physical interpretation follows from

an examination of the motion of the normal modes (setting each =1 and other B’s=0).

5. Apply the initial conditions and find the 8

K
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If T and U for a system are not given, but the equations of motion are, then obviously we may
skip step 1 and instead form the characteristic equation using the ansatz Eq.(12.15) for the q.. As a
faster procedure, note that we may also skip the normalization/orthogonality condition, (12.20), and
determine g,(t) = E b; e’ (B.absorbed in the new b} ) directly from the initial conditions.

Note that in step 3, since the eigenvector equations determine only the ratio of the a;, we need
consider only n-1 of the equations in determining all such ratios. Also note that, similar to the
case of degenerate eigenvectors for principal axes (see discussion on p.11.16 and prob.#11.8 in
the simple case that M=0), there is an indeterminacy in the eigenvectors corresponding to the
repeated roots of the characteristic equation. For example, in the case a single repeated root the
indeterminacy may be removed by any arbitrary specification of one of the roots — the other will
then be determined by Eqs.(12.20).

TURN TO THE EXPERTS FOR
SUBSCRIPTION CONSULTANCY

Subscrybe is one of the leading companies in Europe when it comes to innovation
and business development within subscription businesses.

We innovate new subscription business models or improve existing ones. We do
business reviews of existing subscription businesses and we develope acquisition and

retention strategies.

Learn more at linkedin.com/company/subscrybe or contact
Managing Director Morten Suhr Hansen at mha@subscrybe.dk

SUBSCRYBE - fofle fufur

Download free eBooks at bookboon.com

Click on the ad to read more

190


http://s.bookboon.com/Subscrybe

12.3 EXAMPLE

Enough of the theory, let’s do some examples to make this more understandable. Coupled masses
example (this is mathematically the same for small oscillations as the coupled pendulum problem
at the start of this chapter with M=m =m, x— ¢0, and k = % , € being the pendulum length;

see also prob.3.9):

AN NN
NN\

0’U 9°U

= A, = Gxi o=k+k121 A,, = axi 0=k+k12,

0°U
27 9x,0x, |o ~Kipr Bar = —Kiz.
Step @:
[k + k,, - oM -k,

det , =0,

“k,, k + k, - oM

o w _ (k + 2k12)1/2 " =(£)1/2
1 ’ 2 ©
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Step (3) :

Equations for eigenvectors, r = 1 case (for n=2, only one of the following eigenvector equations

is necessary):

2 1 2 1
(All - (Dlmll)al + (A21 - (DlmZI)aZ = 0,

2 1 2 1
(A12 - (Jolmlz)al + (AZZ - (1)1m22)a2 = 0.

-k.al —k.al =0

1271 1272 1 1

1 1
_k12a1 - k12a2 =0

r = 2 case:

2 2 2
k,a; - kja, = a; = a;

Normalization:

r_s
E m, aja; = 0 .

ik
overall sign
undetermined
!
2 2 1
r=s5=1: M(ai)+M(a§)=1:>ai=+7M
2 2 1
r=s=2: M(af)+M(a§)=1:>af=+_2M
T

same comment

Step (2):

l im iw
x,(t) = ERe (B, & + B e zt)l
X,(t) = L Re (—Bl e’ + B, ei‘”zt) .

J2m
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[Note we have (n (t) = B, e™%)

r 1 2
X, = E an. = an, +apn,,

r

= x, = L(n:L +n,).
V2M
X, = E ain, = a;n, + axn,,
1
= X, = E(—n1 +n,).
}M fM
Thus n, = — (xl - xz), n, = — (X1 + X2) .
2 2
Physical interpretation of the modes follows from these results. Set n; = 0 = x; = x,
for mode 2 (“symmetrical mode”). Set n, = 0 = x; = -x, (“antisymmetrical mode”).]

Vowo Tavexs | Resanr Toocks | Macs Tovers | Vowo Buses | Vowo Cowsteuction Esumsent | Wowo Pesm | Vowo Aero | Vowo IT

Vowo Fimswcer Sepces | Vowo 3P | Vowo Powerream | Vowo Pasrs | Vowo Techwowoey | Wowo Loasncs | Busisess Anes Asie

Download free eBooks at bookboon.com

Click on the ad to read more

193



http://s.bookboon.com/volvo

Step @ : As an example, consider the initial condition,

x1(0) = =x,(0) = A, x,(0) = x,0) =0.
Then
real part
of B1,B2
! !
A = L(ﬁlr + BZr)
J2m
1
-A = — (- +
\/ﬁ( ﬁlr BZr)
= I32r = 0 4 Blr = 2M A
Also
imaginary part
! !
xl(o) = _L ((01[311 + (Dzﬁzi) =0,
J2m
XZ(O) = L ((Dlﬁli - (DZBZi) =0,
J2m
= PBis = Po: = 0.
If we had chosen x,(0) = —x,(0) = 0, then we would have had $, =0, B,, = - @ x(0),
(0)]

1

and mode 1 would still be the only one excited. Any combination of the initial conditions
x,(0)= - %, (0)=- x,(0)= 0and/or %x,(0) = -%,(0) = 0 would have also excited the anti-
symmetrical mode alone.

Complete solution for the above boundary conditions:

x, = A cos (®,1), x, = -A cos (0,t).
The initial conditions x; (0) = x,(0)= 0 and/or %,(0) = %,(0) = 0 would have excited
the symmetrical mode (2) alone. The general motion is a linear combination of the two modes.

It is complicated to understand in general, but simplifies in the cases k, << k (“weak coupling”)

and k , >> k (“strong coupling”). Let’s examine these cases in more detail.
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12.4 WEAK/STRONG COUPLING

Let’s rewrite the above general solution to prepare to discuss weak coupling. Introduce

W, +w W, - W
(DOE 1 2 , ) = 1 2
2 2

“‘beats’’

Can show (mucho algebra!) that the above general solutions for x,(t), x,(t) may be written as

(solve for o, ®, in terms of ®, O, substitute above and use trigonometric identities),

A A .
X, (t) = \/L cos (w,t) cos (w,t) - ——*= cos (0,t) sin(w,t)
2M \2M
A A
+ ——sin(w,t) cos(w,t) - —— sin(w,t) sin(w, t)
No ’ 7 Jam ’ P
A A .
X,(t) = - \/ﬁ cos (w,t) cos (o, t) — \/ﬁ cos (w,t) sin(w,t)

A

J2m

A .
+ —~ sin(w,t) cos (o, t) +

J2m

sin(w,t) sin(w,t) .

where

A, = Blr + BZr ’ A, = Bn - Bzir
Ay = _Bn - Bzi r Ay = Blr - Bzr

(Please confirm this.) Notice that there are still only 4 undetermined (real) constants, A, A, A,

A,. Let us now plug in the initial conditions,

x;(0) = D, x,(0) = 0, %,(0) = x,(0) = 0.

These initial conditions excite both modes 1 and 2, as opposed to the previous set. Plugging in

above, we find

A1=\/2MD,A2=A3=A4=0.

So the general solution is

%, (t)
X,(t)

D cos(w,t) cos (w,t),

D sin(w,t) sin(w,t) .
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This form is convenient for discussing the case of weak coupling, k
k

_ X1 we have

T ook

<< k. Defining

12

small compared
to My

b
, :\/§(1+8) ' (Db:*?\/§~

Of course JE is the decoupled frequency. Motion looks like:
M

Tb

Ny
— 3
HH
]
'_l
o
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X,(t) ‘ |

H

COUPLED OSCILLATIONS

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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Phenomenon of beats occurs anytime a linear combination of very close frequencies is present.
(Listen for them the next time you take a ride on a two-propellar airplane.) This corrresponds to

an approximate multiplicative modulation of the uncoupled motion.

To discuss strong coupling, let us recast the above solution (still exact for the given BC’s) as

X, (t)

[cos wt + cos w,t],
also confirm

N[O Nv|O

X,(t) [— cos w,t + cos w2t] .

%
Then, for strong coupling, k , >> k, we have |§ = (%)
12

[2k g <
w, = le(l-'-?)’ w, = £w, .

We find the motion looks like:

x,(t) 1=10
D

D
2

7
=
e ==

=~ cos wzt
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x,(t)  2i-10
()]

N[O

—cos (uzt

Now get an additive modulation. The two frequencies here are understandable from:

kl2

Q_/WY\_Q 2k,,

= W =
M

/,
7
2M / w=§=\/§

AN
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12.5 EXAMPLE USING MECHANICAL/ELECTRICAL ANALOGY

Let’s do one more example. It is a coupled system we encountered before, but we did not solve it

because the equations were coupled. We had in Ch.3:

/ kl k2
/
/Y Y Y\ m LYY Y\ m (no wall
/ on this
side)
/

JL S S S ST

x; : length of spring 1
X, : length of spring 2

(These lengths are compared to the equilibrium lengths.)
mX, = -kx +k,x, @

m, (5&1 + 5&2) = -k,x, @

This e-book Y o N
ismadewith SETASIGN
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Reminder of the mechanical/electrical analogy:

Q|+

Circuit looks like:

L,

— Y Y Y Y Y —

::r )
)

L 7Y Y Y Y Y
L2

Assume (do not need to know T or U here since we already have the equations of motion)

imt
di1,2(t) = a,. e,

1 CZ
2
-L,w"a, + (— - Lzm)a2 =0
2
1 1
— - Lo -—
1 CZ
= det =0,
2 1 2
-L,0 — - Lo
CZ
1 1
= (— - lez)(— - Lzooz) - —Low =0,
Cl CZ 2
1 1 1 1
or LLo* - — Lo’ - — Lo - — Lo + =0.
C C C c.C
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A quadratic equation in ®*. Roots are:

2

1] 1 1 1
o == +
2

+
C2L2 CZLl ClLl

+ + - .
CZLZ CZLl Llcl C1c2]-"1]-"2

11 1 1Y 4
2

Because the above is so complicated, let us just look at a special case: C=C,L =L. Then

0% 1(3+\/§).

wcl2 2

Call

, 3+ , 3-45

w; = ; W, = ———— .

2LC 2LC

These are the normal mode frequencies of this circuit. We will skip the step of normalizing the

eigenvectors. The general solution is (real part understood)

2_im,t

q, (t) = aje’™* + ale

, , 8 real constants
1 _iogt 2_im,t

q, (t) = ae™* + aje

i ) . . . 2 2
where the @" are in general complex. To find the eigenvector relations, substitute m;, w3 back

into the eigenvector equations:

Likewise
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We now have,

iot iyt

1 2
a,e™ + aje

B (1 +2\/§ ) alett - (1 _2\/3) ale'* 4 real constants.

q,(t)

q,(t)

10,

Usingn,, = e * as the normal mode variables, we find

—\/g_lq—q !
2 1 2\/§a1’

B
I

1445 o)L
2 1 2\/§af’

Mode 2 occurs when n =0, s0

J5 -1

2

d, = 1
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Mode 1 occurs when

(1+\/E)
= — a, -

2

d,

These are like the modes for the coupled masses we saw in our first example, except the oscillation

amplitudes are unsymmetrical. We can now build in the initial conditions. Let’s say

ql(o) = qz(o) =0 , a0 = Qior q,(0) = 9y -

Plugging in above, we get (remember the a\o(,,"), a\o(,,”) are complex)

0 = Re [imia; + im,al],
1 . 1- .
0 = Re —( +2\/§) iwa; - ( 2\/3) 1w2af} ,

imaginary part
Likewise

real part

1 Jg -1

(al>R - E —dy t > Aio | r
2 _ 1 1+ \/5

(al)R - E Az * T di0

Full solution:

q,(t) = 1 -—q +\/g_1q coswt+iq +Mq cos ot

1 \/g- 20 2 10 1 \/g 20 2 10 2=
1| 1+45 1 J5 -1

q,(t) = N dio 5 % COS w1t+—5 Qo + o da | COS ,t .

Whew!
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12.6 PROBLEMS

1. Prove that the squared characteristic angular frequencies, ®?, defined from (see Eq.(12.16);

no sum on r)

PELES
r

r

Eal

are positive, given the equilibrium conditions in the text.

2. A double pendulum system is arranged such that at equilibrium the pendulums from
which the masses, m, are hung are displaced at an angle, 0, from vertical as shown. The
pendulum lengths are ¢ and the spring constant is k. The unstretched length of the spring

is L and X is the distance between the attachment points, as shown.

[ L L L L L

Find the eigenfrequencies of the system for small oscillations about 0. [Hints: First, show that

mg

the equilibrium angle, 0, is determined by Yy = X-L = 2¢sinf; + —= tan 0g. Then,

OJ
k
argue that the potential, U, is given for angles 0, 0, by U(0,,0)) = mgf(1-cos(00+01)) + mg?
1
(1 - cos(90-92))+5 k(Y — &in(0,+0,) — £5in(0-0,))*. Expand for small angles and solve for the

eigenfrequencies.]
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3. A mass M moves horizontally along a smooth rail. A spring with spring constant, K,

attaches the mass M to the wall. Let x be the distance that the mass M is located from it’s
equilibrium position.

eq. position

NNV
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The Lagrangian is (you do not have to derive this)

Lo~ 1+ mx + ™0+ 20%0) - PP g - K2,
2 2 2 2

in terms of x and 0 (0 << 1).

a) Find the squared eigenfrequencies ( @’ ) of the system.

b) Find the conditions on x and 6 which excite each of these modes.

In the first semester we considered a double pendulum, consisting of two equal masses

connected to each other and a horizontal support

L L L L L L LS

by weightless rods of length €. For small oscillations, the equations of motion we found

were,

é2+él+%6 =0.

2

a) Find the characteristic frequencies of the system.
b) Solve for the normal coordinates, n, in terms of 0, and 0,. Describe the conditions

which excite these modes.
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Three masses, arrayed as shown, are coupled together in a straight line with two springs,

both with spring constant, k. This is a one-dimensional problem, so motion can only occur

along the x-direction.

k k
m; m, m,
>

X-direction

a) Find the squared eigenfrequencies ( ®? ) of the system.
b) Find the corresponding eigenvectors (they need not be normalized). Descibe the

motion associated with each of the normal modes.

Other Problems

6. In two dimensions, a particle of mass m near the origin experiences the potential,
1 2 1 2
Ux,y) = 5 k. x* + E k,y" + k, Xy .

Given that kiy < k,k,, and that kx and ky are positive,

a) Find the eigenfrequencies of the system, w? .

b) Show that

X
Y= (e =) 4 Jok, - k) + 4k2),
xy

excites one mode (which one?), and

X
Y= (0 = Ky) - Jok, - k) + 4k2),
xy

excites the other.
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7. Prob. 3.8 of this text considers a coupled system of two masses, as shown.

/
/ X, m,
e o %

|I
NN NN

/

The friction between masses 1 and 2 provides a coupling of the motion proportional to the
relative velocity between the masses, X; — X,. Find the equations of motion and discuss
coupled oscillations of the system. (There are actually no normal modes here since the

friction dissipates the energy of the system. Look for complex characteristic frequencies.)

8. Prove that Eq.(12.19),

Emjkag‘ai =0, (r=s)
Ik

holds for non-degenerate eigenfrequencies, w”> = ?. [Hint: Look at the similar proof

in Ch.11.]
360°
thinking
|
Deloitte
Discover the truth at www.deloitte.ca/careers © Deloitte & Touche LLP and affiated entities.
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Consider the hoop-mass system with angles 8 and ¥ as shown. Both the particle and
hoop have mass m; the radius of the hoop is R.

hoop mass=m

particle mass=m

a) Show that for small oscillations, the Lagrangian is
2,902 1., " 3 1
L = mR°(30° + 5”’ + 20¢) - ng(EB + Ew + Oy),
and the equations of motion are:
g .o . _
=@ +0)+20+6) =0,
a

T30 +0)+©6)+20) =0.
a

b) Find the normal mode angular frequencies of the system, o, and ,.

¢) Find the time-independent ratio, ¢(t)/6(t), for each of the normal modes of this system.
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13 SPECIAL RELATIVITY

13.1 INVARIANCE AND COVARIANCE

Newton’s equations are: (o0 = 1, ..., n)
m : = (3 tions) ( )
< f 13.1
o 2 o n equations

This is for an n-particle system. Showed under certain circumstances they could be written as

oL _d(n) 132
Ix,  dt\ox,, ! ‘
where L = T — U. We then have
1 '_2
T =Y, (13.3)
£, Vo Uusr
U = U, (ia - X ) z z 13.4
uZ[S P ﬁl fa = E fa[i. ( )
B=a

Let us try making the transformation,

%, — %, + 0. (13.5)

a
in L. Describes a change of origin, a translation. Under this change

T — T

U — U}
Lagrangian is said to be invariant. We also learned in Ch.6 that this means something is conserved,

in this case linear momentum. On the other hand, consider the transformation

X, = X, — tov, (13.6)

a
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in L. Describes a change in velocity or inertial coordinate system. Called a Galilean transformation

or a Galilean boost. Under this transformation,
1 - _\2
T — 3 2 m, (Xa - 6V) ’

u — U.

Lagrangian is not invariant = nothing conserved. However, the equations of motion derived from

the new Lagrangian are unchanged. We still get

2
d’x -
m, 2(1 = fot 4
dt
in the boosted frame. The equations themselves are said to be covariant. Def"s:

Invariant: unchanged in value as the result of some transformations.

Covariant:  Equation or quantity that is unchanged in form as the result of a transformation.
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13.2 TWO POSTULATES OF SPECIAL RELATIVITY

Physics at the end of the 19* century based upon 3 things:

1. Newton’s equations (mechanical phenomena, including gravity and waves.)
2. Maxwell’s equations (electromagnetism)

3. Galilean transformations

Although we still accept Maxwell’s equations today in the same form as in the 19*" century, their
interpretation is completely different. Through the influence of the mechanical view of the universe
from 1. above and the knowledge that light had wave characteristics (diffraction, interference,
etc.), it was assumed that there was a medium for it’s propagation, the ether, and that the form
of the electromagnetic equations given by Maxwell were valid only for a frame of reference at rest
with respect to the ether since the equations were not covariant under Galilean transformations. It
was thought that reference frames in uniform motion with respect to each other were completely
equivalent as far as mechanical properties were concerned, but not with respect to electromagnetic
phenomena. There was only one frame of reference for which, for example, it was thought that the

velocity of light had the value predicted by the “rest form” of Maxwell’s equations.

The Michelson-Morley experiment (-1887) was designed to test for motion of the Earth relative

to the ether. Of course it failed to detect any. So experimentally:

i. 'The speed of light is an invariant under velocity boosts. (That is, it is observed to

propagate with the same speed by all inertial observers.)

Einstein accepted this fact even though he was, perhaps, not up to date on the M/M experiment.
He also realized that the concept of the ether was superfluous. With no ether rest frame, the only
frame of reference that can have any significance to an observer is the frame fixed to himself or

herself. Therefore, Einstein’s second postulate:

ii) The laws of physical phenomena are covariant under velocity boosts. (That is, the form

of the laws are the same for all inertial observers.)

Einstein thought of “physical phenomena” as either electromagnetism or gravity. This has now been
enlarged to include other forces; “weak” and “strong” nucleus forces as well as electromagnetism and
gravity. (ii) above implies modifying Maxwell’s equations or abandoning Galilean transformations.
It was the boldness of Einstein which led him to modify the transformation laws between

inertial observers.
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13.3 LORENTZ TRANFORMATIONS DEDUCED

Consider:

)
% X,
—_— v
K K'
o) o' X1,X1
Galilean:
X] = x,-vt
] ! _
%{3 X3 X2’ = X2
X3 = X3
t =t'

A light pulse is emitted from the common origin of K, K’ when they coincide at a single instant

of time. According to (i), the wavefront is described by:

Kt T=ct=71-ct"”=0, (13.7)
K': T =ct =71%-ct?=0. (13.8)
By definition:
=X +X, +X%, r? = X2 + X + X}
3 3 .
= E g/} = E %>
i=1 i=1
(The bar means coordinates relating to the position of the light pulse.) Or:
K: Y- =0, (13.9)
K': 2 x?-ct?=0. (13.10)
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Introduce
X, = ict , X, = ict'.
4
= K: EE: =0, (13.11)
u=1
4
2N 2 _
K': Ex“ =0. (13.12)
u=1

Usually use i,j,k = 1,2,3 (Latin) but p, v, A = 1,2,3,4 (Greek). %, is called a 4-vector. Because
the form of the equation for the light pulse front has the same form in K or K’, we realize this
relation is covariant under a change of inertial observers. (Although the values of the individual
terms change in going from K to K, the equation itself is unchanged in form.) We want the most
general (linear) transformation (replacing the Galiliean one) which is consistent with this relation,
but which reduces to the known Galilean transformation for low velocities (compared to light). (It

4
is easy to show that ¥ 7 = 0 is noz covariant under the above Galilean transformation.)
w=1

o™
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Thus, we assume the transformation law has the general form of:

!
X = )"11X1 + >"12X2 + >"13X3 + }"14X4 ’
!
X, = 7"21X1 + kzzxz + 7"23X3 + 7"24X4 r| 131
X, = A X, + AoX, + AoX. + A,X (13.13)
3 3191 3292 3343 3484 71
!
X, = }"41X1 + )\'42X2 + )"43X3 + >\'44X4 r

where the A’s are not yet known. (Notice we have dropped the bars on the coordinates — we are
not necessarily talking about light pulse coordinates at this point, so we do not have j x? =0, in
general.) The final form of the above will be called a Lorentz transformation. Can think of xm, X;L
as representing the space and time coordinates of an arbitrary space-time “event” from the point
of view of two different inertial coordinate systems, the common origin of which is at the place/

time where/when the K, K’ spacial origins coincide.

The general form of this transformation looks similar to the orthogonal transformations of Ch.1.

. : . . S 2
Actually, orthogonal transformations are consistent with the covariance of E X, = 0.We had
u

— -
X, = E A%y,
i

t=t.
It preserves the “length” of the space, time terms in the sum individually:

S/ 2 = 2
DESEDES
i i

t? =t

=/ 2
= ExM =0.
u

So, 3-D orthogonal transformations are a specific type of Lorentz transformation. Realizing this,
we now think of Lorentz transformations as describing velocity boosts and/or rotations. It also

describes more than this, as we will see. (A Poincaire transformation also describes displacements.)

foraL.T.:
X = A X, matrix : 13.14
n 2 ey % = Ax (13.14)
Therefore
E x;z = E )\‘uv)\‘wxvxv ° (13-15)

u W, v,y

Download free eBooks at bookboon.com



We want to transform the statement E X! = Ointo E %’ = 0. The only way this can be done,

u u
. . . . o . 2 2 .. .
given the linear transformation in (13.13) above, is if the E x, and E X,” quantities are, in
uw uw

general, directly proportional to one another (see also prob. 13.18):

unknown proportionality factor

|

2 xruz =F
.

v 2

— X 13.16
c 2 z ( )
—

1

no directionality in
the universe (homogeneous
and isotropic)

Use (ii) above now. Must also have

Exu2 =F
"

v
C

'2
EXM !
u

v
C

f— X'2 = F2
E‘, w
u

PSS
u
= F ==1.

The minus sign (F = -1) is eliminated for two reasons:

1. The transformation must be continuously connected to the identity transformation,

XM = XM'

2. Causality of events (seen later).

2 2
Therefore E X; = E X, and so
w

w
E }\‘Mv%‘wxvxv = E X.i ° (13-17)
uw

W, vy

Coefhicients of individual X, X, terms must be equal:

= > Ay =, - (13.18)
w
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Reminds us of (Ch.1)

E )"13 ik =

T

notice

We then wrote this as
AT A =1.
But

AT A =1= AT = A" (defines an orthogonal transf.)

‘mtiia iA)gl Graduate

g Ay { \ |
A \ Ddl g’q
. ‘e"
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Then

Mt =1= M =1,

= Exji A = Oy

Situation is

T 1

notice

essentially identical here, except A’s are now 4-D quantities:

Ekw?\w =9, = AT o= 1. (13.19)

Same chain

X

Go back to

of reasoning leads to
At and E }\'VM}\'YM = va . (13.20)
w

3-D again. An explicit rotation about the 3 axis is given by

x,cos0 + x,sin0,

-x,sin 0 + x, cos 0, (13.21)

= x, (t' =t also, of course)

From which the Xij were identified as the direction cosines of the rotation. The same form must

hold in 4-D, except that when we make the physical identification, x

, = ict, some of the “rotation”

parameters will turn out to be imaginary. So, “rotate” in the 1,4 plane:

X, = X, cosYy + X, siny,

!
| %2 = X

!

X, = X,

X, = -X, sin + x, cos .

Tie this in with physics now. For the origin of K’, X; = 0, we must have x, = vt:
0 = vt cos y + x4, sin y
ict
. Y
= Vv = —-lctany or tany = 1-—.
c

Download free eBooks at bookboon.com



Since v is real =  purely imaginary. Let v = ia (o real)

tany = tan(ia) = i tanh a {:> tanh o = —
v\ p

sin sin(ia) = isinh a
14

cos(ia) = cosh (a)

cos

So, in terms of real parameters, this “rotation” is

. = X, cosha - ctsinha,
!
2 = Xy
!
3 = Xy
ict’ = -ix, sinh a + ict cosh a
Then
V2
1 1 o2
) C
sin” Y = 5 = > = — '
1+ cot”™ vy c \
1-— = -1
v c
W\ — 1 2
= -sinh” o
cos’ 1 1
= = ’
1 + tan® 1 v?
CZ
1\ — 2
= cosh™ «a

, o v
From the above, sin y must be imaginary = — < 1.
c
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We want this to reduce to

= X, - Vt,
=x2,
= X

! = t

W~ N~ =~

37

o XX X

v
when — << 1. Therefore

C
+ N
. +1
sinh o = cz, cosha = — .
1- 2 1- 2
C (o}
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I ]OlﬂEd MITAS because for Engineers and Geoscientists

I wanted real responsibility www.discovermitas.com

[ was a construction
SUPErvisor in

the North Sea
advising and

e Lelping foremen
% solve problems

Download free eBooks at bookboon.com Click on the ad to read more

221


http://s.bookboon.com/mitas

So we have

x, = y(x, - vt),
' < A Lorentz boost
2 27
ro_ S 1 v
X3 - X3 4 Y & —/———— ﬁ = — .
' v Vl - [‘))2 ’ ¢
t = Y(t - Xl ?) ’ (1322)

The form of this transformation was known before Einstein by Lorentz, although it was Einstein
who gave it the correct physical interpretation. There is a lot more to physics than just getting the
equations correct!
This transformation was based upon requiring the invariance of
—2
E x, =0.
w

This in turn implied

Exi = Ex;f (= 0).

This means E X, is an invariant under a Lorentz transformation. Let’s call it “invariant squared

u
distance” and give it a special symbol:

g2 E x (13.23)
w

1

(can be + or - )

There is no reference to the coordinates of a light pulse here; it is a completely general relation
relating lengths and times in arbitrary inertial reference systems. It actually relates the length and

time intervals between two arbitrary space-time events if we write
2 _ 2
As® = Y Axj . (13.24)
w

Then the first event is no longer required to happen at the common origin of the K, K’ systems.

So, we have assumed one invariant, the speed of light,

c =c', (13.25)
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and derived another, the squared invariant distance,

As® = As . (13.26)

Thus, everything is 7oz relative in relavity; there are still absolute quantities.

13.4 ALTERNATE NOTATION FOR LORENTZ TRANSFORMATIONS

One often sees an alternate treatment of Lorentz transformations with no reference to imaginary

numbers. It is often used in particle physics. Define?

X = ct. (no i) (13.27)
Then a Lorentz transformation is given as:

notice: upper index.

!
X" = E A, x. (wv =0,1,23) (13.28)

T

different from previous A’s
(they are real)

We identify from above,

A5 = Ay, A% = =ik, AL = ik, A% = Ay,
Now
all important minus sign missing!
J
w)? i)? 2,2
S ) =S e
w i
Not an invariant! Define (“metric tensor”)
01 2 3
0 -1
1 1 (13.29)
9= . (9 = 9u)
3
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Juv: g11 = 922 = g3z = 1, doo = -1, all other components = 0.
Then
notice
y
v 1\?
Y x'g,x' = Y (x) - . (13.30)
w,v i

This is an invariant. Sometimes define

X, = E glwxV . (13.31)
Notice: x" = (ct, %), “contravariant 4-vector”
x, = (-ct, X), “covariant 4-vector”.

u

Have to be careful in this notation to recognize whether an index is up or down. Then we may write

S2 — Ex/MgleN - Exugu\/xv . (1332)
w,v w,v
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. . ",
or, using the transformation law for x " :

A A
= ng AYA  x"x" = Eg;ﬂ{x x",
TR YK

= Y g A =G - (13.33)
w,v

This is the analog, in this new notation, of the equations satisfied by the Ay s (see Eqs.(13.20)

above) and can be considered an alternate definition of a Lorentz transformation.

Einstein summation convention: sum on any repeated upper, lower indices. (As we saw earlier a

. . v A% . . . . .
repeated index like X X does 7ot produce an invariant quantity; this property generalizes.)
p q y property g

The above may now be written:

guvAMKAVK = D (13.34)

There is also a matrix interpretation of this form. Write (the “T” means transpose; notice the matrix

version can violate the Einstein summation convention)

A
(AT) Mgp.\/ AVK = Gy 7 (1335)
= ATgA = g. (Takes the place (13.36)
of A\TA=1))

No matter which notation and or conventions we use, it is important to realize the point of either
is to build in the minus sign in front of the time components. We will primarily use the A" —type
notation in which all quantities are real. Famous quote: The start of any calculation is to check

the author’s conventions.

In order to be able to use this notation, must know the rules. Just as for 3-D rotations, 4-vectors

are defined by their transformation laws. We have

A" = E AY A" or = A“A%, (13.37)
A

w . T . . .
where A", satisfies A g A = g. This makes Ap a contravariant 4-vector. To make a covariant

4-vector out of A", say, just “contract” with Juv:

Ap. = gprv' (1338)
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Define:

new quantity

!
g“g, = o, (13.39)
T

Kronecker delta

= A" = g"A.. (13.40)

Note from (13.39) that the " are just the inverses of the guv, considered as matrix elements:
g"g,, = 8% = g7lg = 1. The matrix representation of the g"" in this case is also given by
(13.29), which is the so-called flat space metric.

Define Auk = gWgMAVK; then the transformation law for covariant 4-vectors is just:

Ay
Ar _ A/K _ AK A)» _ V)\,AK A
wo gp.K - gpLK A - gqu RN 4

w

= A, = AA, . (13.41)

The matrix interpretation of these transformation laws is based upon the index to matrix

correspondence,

Ay = (A)yy = A =TT T

iy x A . ,
(The second statement follows from the definition A, = g,,9"A" .) Notice the matrix
interpretation ignores the “up” or “down” position of the indices; I have placed these arbitrarily

down. This implies the equivalence of the statements,
A" = A"AY < A'= AA, (A' a column matix)

< A" =A"(A)"'. (A'T a row matrix)
Likewise (see prob. 13.2(a))

v A \4 -1\T T -1
AAR = 8 = Al(ATY)] =1 or AATY = 1.
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A way to form a Lorentz invariant quantity, or in short, a scalar, is to form (just like we did for

u
X, Xy)

A
AIMA; = A'MgMVAN = gLWAu)\AVKA AK
H—/

g}u(
= A"A| = A'A . (13.42)
Of course s° = x"x, is also a scalar. We have the first of our “index jockey” rules:

1. To make a Lorentz scalar out of two vectors, sum on one upper, one lower index.

We know that the components of the gradient operator,

0
V. =

(13.43)

N 4
* ox*
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transform as a vector. Can then build vectors (V¢, for ¢ a scalar) or scalars

(VxA for A a 3-vector) for A a 3-vector) out of it. For Lorentz transformations,

define

0 1 0 2
VM = Py ’ Vu = (E E ’ V) . (1344)
T T
lower upper

Can show it transforms as a covariant 4-vector (thus, the /lower index). Also
d 1 0 =
Ve 2 Vg™V = V= -2 ¥,
axu 14 g v ( c at ’ ) (13.45)

T 1

upper lower

transforms as a contravariant 4-vector. So, the second index jockey rule is:

. V" transforms as a contravariant 4-vector

V" transforms as a covariant 4-vector.
Two other rules are:

A%
. Lower an index with Juv: GwhA = Ay.

. Raise an index with g* = g"'A, = A".

8 =8 =8 =8 =1,

As before: gHV vk = 6E
all others = 0

Matrix statement: ~ (g')g = 1.
01 2 3

-1
) (= V' = V)

w N P O
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Note:

. 1Y . . .
* Using 9uwvr 9 raises or lowers an index but never changes index order.
¢ Number of free up, down indices on one side of an equation must equal the number on

other side.

Examples:

1. Show AMB, = Ay BM: AMB, = Aggo BTgy = §° AgBT = Ay BH. (In
general A---H---B---p-oo = A---ye- Bee-He-o forarbitrary tensors A M-
and B...“....)

da™
dt'

transforms as a contravariant 4-vector:

2. Given A" = A"AY , v = T, prove that

da™ A da’ _ A da" dv _ A da" .
dr' Ydt! Y odt dt Y odt
s

3. Prove that V/¢', ¢ = ¢, transforms as a covariant 4-vector:

need

Therefore

roar v .
V.o = AV = covariant 4-vector.
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13.5 THE “LIGHT CONE” AND TACHYONS

Let’s get back to the physics being described. For this, we need a picture of the /ight-cone (imagine

rotating about the time axis; the “surfaces” shown are hyperboloids):

future
“timelike?”

2
s =0 cone

“spacelike”
region

“spacelike”

x
[Can think of LT's
as moving us to
ifferent points on

const. surface.]

sz=const.<0

surfafe ‘\ surface
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“timelike” s> < 0 means |cAt] > |AX],
“spacelike” s> >0 means |cAt] < |AX],
“lightlike: s> =0 means |cAt] = |AX].

This diagram describes the relationship of the origin to all other space/time points. Events with
a timelike behavior can always be given a definite causal order since a light beam can reach the
second event before it occurs. Also, |cAt| > |A§(| is preserved by Lorentz transformations. This
means that spacelike and timelike type events are not mixed. On the other hand, spacelike events

are fundamentally different: there is no invariant order of these events seen by all observers. Thus:

Timelike events have an invariant causal order

Spacelike events do not have an invariant causal order

Better not mix up such distinct types of events! This is one reason for discarding the Lorentz
transformation with F = -1, considered earlier, because such a transformation on the light cone
would take us from a timelike ordering of events to a spacelike one, or vice versa. Mathematically,

this means we are prevented from jumping across the lightcone.

To see this transformation more explicitly, consider (the “rotation” interpretation of this 1,4

e

transformation no longer holds because of the factors of “i

X; = ix; siny -ix, cos vy, (13.46)
X, =1x; cos ¢y + ix, sin . (13.47)
If we insist as before that the originof k', x] = 0, has x;,hasthen = vt, then tany = i <,and
v
.2 1

sin® ¢y = —. (13.48)

\%

1-—
c

sin y must be chosen imaginary:

= — > 1. (13.49)

. . . v .
Hypothetical particles with — > 1 are called zachyons. These particles can be shown to move
C
either backward or forward in time, depending on the direction of motion! So by eliminating

F = -1, we are eliminating the possibility of transformations to frames of reference with < > 1.
C
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13.6 MATHEMATICAL PROPERTIES OF LORENTZ TRANSFORMATIONS

Let’s do a little investigation of mathematical properties of Lorentz transformations. Simple facts

about determinants:

det AB = det A detB , det A’ = det A.

Since

T
A'gA =g, (13.50)
taking determinant of both sides gives,

det| ATgA| = (det A)* det g = det g,
q

= det A =+ 1. (13.51)
+1: “'Proper’’ Lorentz transformation
-1: ““Improper’’ Lorentz transformation

Will see the physical interpretation later. Also, we have

o = Ax, (13.52)
X' = A,x’, (13.53)
X” = A2 AlX = A21X. (13-54)

Is A, also a Lorentz transformation? Use the definition:
AS9A, =g, (13.55)

= A'A'gAA, = AgA, = g, (13.56)
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However, A;: (A2A1 )T = A'f Ag, SO

= Azl gAZl =9g. (13.57)

= A, is also a Lorentz transformation

How many independent elements of A"y are there? Expect physically:

3 (rotations) + 3 (boosts) = 6.
Mathematically: A, 4 X 4 = 16, real quantities. However, the equation
ATgA =dy

is also (like 3-D rotation) unchanged by the transpose. Therefore, there are as many components

as in a symmetric 4 x 4 matrix:

XX XN
[

This means there are 16 — 10 = 6 independent real quantities, the right number.
Some terminology:

Restricted Lorentz Transformation (RLT): Transformations physically possible for a frame of

reference associated with a material observer.
What this means is rotation + boosts (I will be more precise mathematically in a bit.) We have
learned that there are Lorentz transformations with det A = +1 or -1. There is a further discontinuous

possibility as follows. Take the 00 component of the defining equation:

ngA“kA”K = g,, , A=%x=0.

= govovoo + gllAloAlo + g22A20A20 + g33A30A30 = Yoo r (13.58)
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Yoo = _11 9;; = 1 r

= - (A%) + P (A%) = -1, (13.59)

Can also show :

= (A%) =1+ E(Aio)z o) =1 (A (13.60)
So, there are two possibilities for A°,

A’ =1 , A’ = -1

“Orthochronous” “Nonorthochronous”

Now our more precise mathematical definition of a restricted Lorentz transformation:
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RLT:

Proper, orthochronous Lorentz transformation:

det A =1, A° =1, A'gA = g.

Prove: If A, and A are both RLT’s then so is A=A A,

Show det A, =1 (easy):

det AZl = det A2 det Al = :I_.

Show that (A21)0 = (/\2)0Y (AI)YO > 1 (not so easy):From the above

2 = A or (Azl)uV = (Az)uY (Al)yv

“Cauchy inequality”:
n n 2
Saz$n = [Eakbk ,
k=1 =1 k=1

= 'The sign of (AZl)OO is the same as ((A2)00 (Al)oo) .
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Result:

No matter how many RLT’s are performed, the result is still a RLT.

Another point:

Consider two timelike space-time events:

These events must have an invariant time order since they can have a cause and effect relationship.
There can not be some observers who measure t > 0 and some who measure t < 0. That is, as a
result of a RLT (boosts done on a material observer), we must show that the zime component of a
timelike 4-vector has an invariant sign (either + or -). (This will be done in a HW problem.) It is
clear that spacelike events can have the sign of their time components changed by a RLT since there
can be no causal relationship between them. As pointed out previously, no LT changes a timelike

event into a spacelike one or vice versa.

There are 4 possible combinations of the discontinuous parameters det A and A°.

We classify these as

1. Proper orthochronous (RLT’s): det A = 1, A°, > 1
2. Improper orthochronous: det. A = -1, A°, > 1.

3. Proper nonorthochronous: det A = -1, A, = -1.

4. Improper nonorthochronous: det. A = -1, A, = -1.
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We have already talked about 1. What do the other transformations imply? Possibility 2 describes

space inversions in addition to the usual RLT’s. Example:

01 2 3
‘1) 1
Az = 2 -1
3 -1
-1
Gives: x — -%,t — t . Any other A withdet A = -1, A°0 > 1 can then be written
A = ARLT A2- (13.61)

Not new. Saw space inversions previously as part of 3-D orthogonal transformations. Takes us from

one side to the other on the spacelike or timelike s* = const. surfaces in the lightcone diagram.
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Possibility 4 describes something new: time reversal. Example:

01 2 3

-1

w N P O

Gives X — X, t — —t. Any other A in this category can be written as

Does to the time axis what possibility 2 did to space. Like space inversion, this is not a physical
operation we can imagine carrying out on a material observer (zor an RLT). Never-the-less, time
and space inversions are valuable concepts, especially in quantum mechanics. To begin to understand
why, it is helpful to consider the collision of particles (representing atoms or smaller objects). For

example, consider the collision of two particles A and B:

@ final state

time+

@) B) initial state

If Newton’s equations held at all levels of description, microscopically, as well as, macroscopically,

it would be just as probable to see the time reserved reaction:

@ same final state as

above with reversed
velocities
time+

@ @ same initial state
with reversed
velocities
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The reason for this is because Newton’s equations of motion,

m 9% _ g, g = Su, (& - %)

B<a

are invariant under X, — X,, t — -t .Modern microscopic theories of matter are also time-
reversal invariant to a great extent; however, small violations of this symmetry have been seen
experimentally. The fact that time-reversed reactions occur essentially as often as the original given
one is an important fact of nature which is reflected in statistical mechanics and thermodynamics.
However, on a macroscopic scale we know that many processes are not time-reversible; a glass
shattering on the ground is one example. This is not a contradiction but an aspect of the behavior
of large numbers of particles whose motions must be treated in a statistical sense. See the page

from T.T. Lee’s book “Particle Physics and Introduction of Field Theory” for a further illustration.

Possibility 3 represents combined space and time reversals. Example:

01 2 3
0 -1
1
A3 = 5 -1
3 -1
-1
Notice
A, = A, .
This A gives X = -X, £t — -t ,and any other A with these characteristics can be written as usual,
A = Agir As. (13.63)

13.7 CONSEQUENCES OF RELATIVITY

Next, some consequences of special relativity. Consider again two space-time “events.” Invariant

associated with them is

As’ = Y (Ax,) - (cAt)’.

i
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Divide by -c*:

2 2
AT As” —E(Axi) + ALY (13.64)

At (or just 1): “proper time”. It is invariant and > 0 for timelike events. What is it’s physical

meaning? When two events happen at the same spatial position for some observer, Ax' = 0 and

At = At.

Since the value At is invariant, this means we can interpret proper time as follows:

Proper time: time interval measured by an observer who is at rest with respect to two events.

(The two events take place at the same position.)
This means

At = At, “'‘rest observer’’

T

v---v---v----v---vu---v---vv--vv--vv---v---ov--vv--vv--ovv--vv-cvv-cov-coAlcateluLUcent 0
www.alcatel-lucent.com/careers

','

One generation’s transformation is the next’s status quo.

In the near future, people may soon think it's strange that
devices ever had to be “plugged in.” To obtain that status, there
needs to be “The Shift".
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same numerical value

|

/i2
At' = —jg Ax + At"?

Conclusion: At’ > At.

observer

any other inertial

The rest observer always measures the shortest time interval between these events. The name for

this effect on time intervals is time dilation, because from the point of view of the moving observer,

the time interval has increased or dilated. Can get a quantitative measure of this effect from our

Lorentz transformation boost along x:

x; = v(x, - vt),

i)

9 X =

Reminder:

Situation:

First event at 0,0’
when the axes
coincide; then a
new event at 0
every At seconds
(as measured by K)
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Event 1: t’ =t =0

0 v
Event 2: t = ylt, - %, (x; = 0)
c
Event 3: t = yt,

Relation between time intervals: A¢ = yAt. We know that At = At, so this gives

1

At = yAt- T = 1 - p (13.65)

Time dilation is well established experimentally.

Another consequence. Consider an object at rest in the K frame directed along x :

The observer in K measures the length of the object (which is at rest in his frame) and finds it to
be €. K’, by moving along it’s length, will measure it to be

¢ = vAt', (13.66)

where At is the time interval K’ measures for passing the object. Now, the passing of 0’ past the
two ends of € defines 2 space-time events, both of which take place at the same place, 0°, according

to K. Thus, K’ is measuring the proper time interval between these events,

At' = Ar. (13.67)
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Therefore from before, we know the time interval measured by K will be dilated:

At = yArt, (13.68)

= ' = vAT = Y At. (13.69)

! 2
5 1 =B (13.70)

!/ <« . »
= (' < [, “length contraction
Proper length: length of an object which is at rest in an intertial observer’s frame.

Interesting point: how an object moving with respect to an observer looks like is quite a different
matter. Although the above considerations suggest the objects will appear
contracted, in reality because of the finite speed of light, objects can appear to
be rotated or have other distortions in appearance. For example, consider a cube
moving directly away or toward an observer. It would actually look something

like (consider light pulses which arrive at the same time):

Toward:
earlier
position
shape 4—later
Seen position
Away:
later
position
shape @—-carlier
seen o
position

Download free eBooks at bookboon.com



MODERN INTRODUCTORY MECHANICS PART Il SPECIAL RELATIVITY

13.8 VELOCITY ADDITION LAW

Another consequence: velocity addition law is changed. After boost 1 by v.:

2,3 2,31 (13.71)

xlll =7 (le - Vzt,) r
1 X,2,,3 X,2,3 2,31
”" ! ! V
t" =y, (t - x; c—j) (13.72)

/
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In detail, this gives

. [ v,V _

X = Y% (1 + (1:22) - (Vl + Vz) tl, (13.73)
. [ v,V -

X = Y% (1 + ézz) - (Vl + Vz) t, (13.74)

Make it look like a single boost:

" v,V vV, +V
X, = N2 (1 + ?) X, - 1—sz t, (13.75)
1V2
1 o
"o_ 1 V1V2 (Vl + Vz)
o=yt + penl X, | (13.76)

Exactly the same form as a single boost if

v,V
Yi2 = N1iY¥2 (l + ?2) ’ (13.77)
v, = Vit Vs <— new velocity addition law. (13.78)
14+ Y2
c2

Are they consistent?

Yiz = o = 3 (just as we wanted)
1 - V12
c’ 11V,
2
C v,V
1 + 122
c
Example: v, = .95¢c, v, = .95c (both in the same direction):
v, = 22+ 9% _ 99868c.
(-95c¢)
L+ —5
c

= Can not boost through v = ¢ in a continuous fashion. This gives another perspective on the need

to eliminate the earlier tachyonic F = -1 transformation, which required |V
c

> 1°
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13.9 MOMENTUM AND ENERGY UNITED

SPECIAL RELATIVITY

Up to now, we have concentrated on the space-time aspects of relativity. However, relativity also

has important implications for momentum and energy.

Use one of the above results:

dx*

is a contravariant 4-vector

Iy
i
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Describe the motion of a particle in space and time:

z
(’ d_xl-l = (dxo, dX)
x' = (xn,
X
By definiti 2 ds’
y definition (remember dt* = - )

dv = %\/— (ax)” + (ax’)

Must be a timelike vector if it describes the motion of a material observer. It is:

dx" dx, _ds’ _ & <0
dt dr dt’®

Write the components in a more ordinary notation:

dt dt
dx _ _

= —— = yV — V.
d’t v<<c
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Re-verification of timelike character:

di)2 v’
=T,
drt 1 Lz
c
dxo)2 c’
= - =,
drt 1- ‘%
c
di{z_ dx°2_ vi _
dt dt v’ v? )
1-Y 1=
c c

. dx" . . Lo iy
Since the space component of ——— reduces, in the v << ¢ limit, to just V, a natural definition of

. . dr
relat1v1stlc momentum 1S

p' = m . (13.85)

= p=ymv , p’ = ymc.

Meaning of p® Notice that p® > 0 no matter which Lorentz frame we are in. (The sign of the time
component of a timelike vector is unchanged under Lorentz transformations, which was a HW

problem.) A particle’s K.E. is also always > 0, so does = = p® Expand p° in a power series in ¥ :

C C

0o _ 1 2 1 2

P _Emc+5mv S (13.86)
%,_J
old K.E.

Forces on us the realization that there is an energy associated not with motion, but with

mass. 1dentify

E’=mc*,  “rest energy”

E = p’. “total energy”

Einstein (“The Meaning of Relativity,” p.47): “Mass and energy are therefore essentially alike; they
are only different expressions of the same thing.” Kinetic energy, T, is just the difference between

total energy, E, and rest energy E;

- E=E, +T , T=E-E, =mc’” (y - 1). (13.87)
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Now
M 2 2
p* p, = -m°c’,
SO
22 _ -. E
-mc = p - 7
C
= E’ = p’c® + m’c’, (13.88)

or, choosing the positive root,

old connection :

=
I
+
ol
N
Q
N
+
=]
N
Q
S
o
N

(13.89)

E = .

)
=
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to be consitent with p° expressions. Now we realize we have done for P and E what has already
been done for % and ct: unify them:

The particle of light is called the photon; the connection between it’s energy and momentum is

given by (13.89) with m=0: E = |13| c. It follows a “lightlike” trajectory (dt = 0 in (13.79)) and
therefore it’s inertial reference frame speed is always c.

13.10FOUR SHORT POINTS
1. Transformation law for p", Py same as for %", Xy
p" = AP,
; = /&J,I)v °

Conservation of both momentum and energy is now contained in the single statement

2 )= 3 ()

outgoing
particles

particles

. . ) ener
Because of equivalence of mass and energy, can express mass in units of cnergy.

2
C

nass = o mev
' - 2 T 2
Cc Cc

common unit in particle

or nuclear physics

(1 MeV = 1.602 x 10° erg.)

[Often, one drops the iz and masses are often quoted simply in MeV.]
C
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4. Equivalence between mass and energy is verified countless ways. For example, the “binding

energy” of multiparticle systems appears as a deficit from the constituent particle masses.
For the deuteron,

deuteron mass: 1875.7 MeZV
c
roton : 938.3 MeV/c?
P /e | 1g7.9 MY
neutron : 939.6 MeV/c’ c

(1875.7 — 1877.9) = -2.2 MeV/c” (the binding energy)

(]
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13.11 PROBLEMS

1.

2.

Show that the 3-D wave equation (c=speed of light),

, 1 9
(V _?atz)f=o'

(fisascalar) is covariant under the Lorentz transformation (y = ——

x' = y(x - vt),
v' = v,
z' = z,
v
t' = ’Y(t - X—2)
c

[Hint: Use the chain rule,

0 Ix' 9 it 9
+__

0x  0x 0¥ ox ot

. 0x' ot :
evaluating — , —, etc. from the transformation.]
0x 0x

Consider Lorentz transformations using index notation. Given

10 G aXY
Juv A“k AVK = gw , A = A T A, AXY =

show:
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3.

Consider Lorentz transformations using matrix notation. Given that
A'g A =g, g"

= 9, 99 =

(a)

1 (“1” is the unit matrix), show that
(A g AT = g,

(b) Ag AT = g.

(c) Write

(a) and (b)
4,

in component language.
For the tachyonic transformation,
X, = ix, siny -ix, cos vy,
X,

=ix, cosy + ix,siny.

. 2 1
sin“ ¢y = ——

v
2 I Z > 1’
1
CZ
(a) Show that x/? + x,? = - x;2 - x42.
(b)

X, =

Demonstrate that under Y — io, where o is a real parameter, these become
!

-X, sinh a -ix, cosh o,

’
X4

=1ix, cosha -%,sinha.
(c) Show A, = A’

1

(d)

= 1. (Similar to A’ = 1 for Lorentz boosts.)
For the above, find det(A) = 2.

Given the relativistic acceleration

_ du
oa=—,
drt
where
_ dx t _ v
s —=—V =
dr
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6.

(Vv = 9X s the ordinary velocity; B = show that

dt

Q|

W
(1 _ 62)3/2

14

if ¥ and v are co-linear, and

b) F=%
- pHY

if Voand V are perpendicular. [Hint: Prob. 13.5 above.]

(a) A particle known as a muon is generated high in the Earth’s atmosphere with a speed of
0.96c¢ relative to the Earth. The muon’s average lifetime, measured at rest, is 2.2 x 10
sec. How far does such a muon travel through the Earth’s atmosphere before decaying?

Briefly explain your calculation. (c = 3 x 10® meters/sec.)

(b) A 30 yr. old physicist travels to a star, at rest with respect to the Earth, which is 10
light years distant. (1 light year = distance light travels in 1 year = 9.47 x 10" meters.)
His/Her rocket ship travels at 0.85 c relative to the Earth and star. How old will the

physicist be on arriving at the star? Briefly explain again.

An astronaut brings an atomic clock on board the International Space Station (ISS), which
is in orbit around the Earth at about 18,000 mi/hr. This clock is synchronized with an
atomic clock on the Earth before the flight. If the clock is aloft in the ISS a month (take
this as 30 days, measured let’s say from the Earth’s point of view), by how much time, in
seconds, is the ISS clock advanced or delayed (which?) when compared to the Earth clock?
(The speed of light is about 186,000 mi/sec.)

Show, by using conservation of energy and momentum, that a photon (a massless particle
of light) with momentum P can not decay into two massive particles with momenta P,
and Py . (For simplicity, you may assume the masses of particles a and b are the same,
although the result holds in general.) Extra: Can a photon decay into one massive and one

massless particle?
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10. Show that the time component of a timelike 4-vector t#, retains it’s sign under a restricted
Lorentz transformation. [Hint: Combine the timelike condition, (ct?)2 > E x')?,
with a condition for a proper Lorentz transformation using the Cauchy inequality.]

dx"

n
11. Define u* = —, o' = du
dr dr

. Show:

a) at u, = 0.

(i.e., the relativistic acceleration 4-vector is perpendicular to the relativistic velocity.)
b) a¥ is a space like 4-vector (assuming o™ = 0).

[Way 1: Use (a) and construct a proof by contradiction by assuming a** is timelike or

lightlike. Way 2: (Brute force) Construct 0" explicitly and show that ota,, > 0.]

n
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12. Given an elastic collision a + b — ¢ + d,

(Each line represents
a particle with a mass

m,, My, Mg, Or my)

show that the variables

§ = (Pa * Pb)(Pa + Pb)y
t = (Pc - Pa)lpc - pa)u
u = (Pd - Pa)(Pa — Paly

satisfy the relation,

2 2 2

2 + m? + mg

s +t+u=-c” (m, +md2).

[These relatistic invariants are useful in describing the results of scattering events in

different inertial frames.]

Other Problems
13. Show V LAk transforms as a scalar.
14. A particle of mass m is accelerated from rest with a constant force, F, in a straight line.

[v

a) Show that if the final velocity isv (B = ), then the distance traveled, D, is given by
c

mc’

1 —
PV
b) The acceleration takes place over a time period, T. Show that this time period is given by

2
cT=£\/(1+F—DZ)2—1.
F mcC

D = 1

[Hint: integrate the result of part (a).]
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15.  Consider a relativistic particle of mass m and charge q in a circular orbit of radius R. The

force on the charge is central and is given by

2
F=-=r,

'
Q

o)

where the unit vector T points from the force center to the charge. Find the relativistic

formula giving g = M of the particle as a function of m, q, and R.
c
16. A relativistic particle of mass m and charge q is moving with velocity v in a plane

perpendicular to a uniform magnetic field, B.

B field into page

Using the Lorentz force law, find the radius of the orbit in terms of v, ¢, B and m. In

particular, show that the radius for ultrarelativistic motion (E >> mc?) is R = —, where

[aB

E is the total energy (rest mass plus kinetic) of the particle.

17. A coordinate system K’ moves with velocity ¥ relative to another system, K. In K a particle
has a velocity G" and an acceleration @', whereas in K these quantities are 4 and a. Show
that in K the observed component of acceleration of the particle along v, aj||, is given by

(f):M)l
C

!

R 1 - 2\3/2 R
= %al'

a= 3

a+—)
c

[Hint: First get the relation between G and @'. ]
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18.

There are actually three classes of transformations consistent with the invariance of the
statement (U = 1,2,3,4 notation; X, = ict'),

=0, (1)

for the coordinates, R of a lightfront. These are:

I. X, E A, X%, , where 2 MM, =0,
u w

II. x, = Ax,, ("dilations")

2
X, txXcC,

1+ 2(c - x) + x°c?)

’
ITI. x,

, ¢, arbitrary. ((c'x) = E C.X, s
u
x’ = E x,x, , and where (1 + 2(c - x) + x°c’) = 0) ("conformal
u

transformations")

Vowo Tavexs | Resanr Toocks | Macs Tovers | Vowo Buses | Vowo Cowsteuction Esumsent | Wowo Pesm | Vowo Aero | Vowo IT

Vowo Fimswcer Sepces | Vowo 3P | Vowo Powerream | Vowo Pasrs | Vowo Techwowoey | Wowo Loasncs | Busisess Anes Asie

Download free eBooks at bookboon.com

Click on the ad to read more

258


http://s.bookboon.com/volvo

Show that cases II and III are consistent with the invariance of equation (1). (Case I
already considered in the text.) Why are Cases II and III not considered further in the

text for relativity?

19.  In prob. 13.9, we saw that a photon can not decay into 2 massive particles (or into 1

massless and one massive particle). Now examine two other cases:
(1) m, — Yy + Y (particle of mass mA decays into two photons)

(i) m, — my + Y (particle of mass mA decays into particle of mass mg < ma anda

single photon)

Do energy and momentum conservation allow these processes to occur? If not, show it.
If allowed, solve for the magnitude of photon momentum, p = E/c, in terms of m, in

(i) and in terms of mA and m, in case (ii). (Assume particle m, is at rest in both cases.)

20.  Consider so-called Compton scattering on an initially stationary electron of mass m
wep =, P =P, B =]]:
y —
p', E'
incoming photon outgoing photon

X
outgoing electron

B,

E

el e

(@)  Given the energy, E, and momentum, P, of the incoming photon along the
x-direction, write all the equations which follow from momentum and energy

conservation.

(b)  From these equations show that

This determines the momentum, p’, of the scattered photon in terms of the initial
momentum, p, and the scattering angle, 0. [Hint: Get two expressions for the square of

2
the electron momentum, P.”, and set them equal.]
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ENDNOTES

1. Notice that we could replace condition 3 with the alternate condition that the system of equations,
(12.17), for small oscillations yield only real nonzero eigenfrequencies, w". This was the same
condition for stability seen in Ch.2.

2. Note: We are using “x” here to denote coordinates, but of course in the previous treatment

p=1,2,3,4 and x, = ict, whereas here p = 0,1,2,3 and X, = Ct (x0 = -ct).
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